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SPECTRA OF QUANTUM KDV HAMILTONIANS, LANGLANDS
DUALITY, AND AFFINE OPERS
EDWARD FRENKEL AND DAVID HERNANDEZ
Abstract. We prove a system of relations in the Grothendieck ring of the category O
of representations of the Borel subalgebra of an untwisted quantum affine algebra Uq(ĝ)
introduced in [HJ]. This system was discovered, under the name QQ˜-system, in [MRV1,
MRV2], where it was shown that solutions of this system can be attached to certain Lĝ-
affine opers, introduced in [FF5], where Lĝ is the Langlands dual affine Kac–Moody algebra
of ĝ. Together with the results of [BLZ3, BHK] which enable one to associate quantum
ĝ-KdV Hamiltonians to representations from the category O, this provides strong evidence
for the conjecture of [FF5] linking the spectra of quantum ĝ-KdV Hamiltonians and Lĝ-
affine opers. As a bonus, we obtain a direct and uniform proof of the Bethe Ansatz
equations for a large class of quantum integrable models associated to arbitrary untwisted
quantum affine algebras, under a mild genericity condition. We also conjecture analogues
of these results for the twisted quantum affine algebras and elucidate the notion of opers
for twisted affine algebras, making a connection to twisted opers introduced in [FG].
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1. Introduction
The purpose of this paper is two-fold. First, it is to elucidate the link, proposed in
[FF5], between (i) the spectra of the quantum ĝ-KdV Hamiltonians acting on highest weight
representations of W-algebras, and (ii) affine opers – differential operators in one variable
associated to Lĝ, the affine Kac–Moody algebra that is Langlands dual to ĝ. And second,
it is to prove a system of relations in the Grothendieck ring K0(O) of the category O of
representations of the Borel subalgebra of the quantum affine algebra Uq(ĝ), introduced in
[HJ]. These relations generalize the “quantum Wronskian relation” in the case of ĝ = ŝl2
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described in [BLZ3]. As far as we know, for general affine algebras ĝ these relations, viewed
as relations in K0(O), are new. Among other things, these relations enable one to quickly
derive the Bethe Ansatz equations in a uniform fashion and under minimal assumptions.
Remarkably, these relations were discovered on the other side of the above KdV-oper
correspondence – namely, in the domain of affine opers – in the striking recent papers
[MRV1, MRV2] by Masoero, Raimondo, and Valeri, which provided a catalyst for the present
work. Following [MRV1, MRV2], we call these relations the QQ˜-system.1 According to
[MRV1, MRV2], solutions of the QQ˜-system can be attached to affine Lĝ-opers of special
kind – precisely the simplest Lĝ-affine opers proposed in [FF5] to describe the spectra
of the quantum ĝ-KdV Hamiltonians. Now let’s look on the KdV side: following the
construction of Bazhanov, e.a. [BLZ2, BLZ3, BHK], one can attach non-local quantum
ĝ-KdV Hamiltonians to elements of K0(O). Therefore, our results (in the present paper)
imply that the spectra of these Hamiltonians should also yield solutions of this QQ˜-system.
Thus, we obtain strong evidence for the conjecture of [FF5] linking the spectra of these
Hamiltonians to Lĝ-opers:
spectra of quantum
ĝ-KdV Hamiltonians
''◆
◆◆
◆◆
◆◆
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//
Lĝ-affine
opers
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✉
solutions of
the QQ˜-system
We now explain the interrelations between these topics in more detail.
In the case of ĝ = ŝl2 the link between the spectra of the quantum ĝ-KdV Hamiltonians
and ordinary differential operators (the precursors of affine opers of [FF5]) was discovered
and investigated in [DT1, BLZ4, BLZ5]. It was further generalized and studied in the case
of ĝ = ŝl3 in [BHK], and ĝ = ŝlr in [DDT1, DMST].
Motivated by those works, Feigin and one of the authors of the present paper interpreted
in [FF5] the quantum ĝ-KdV integrable system as a generalization of the Gaudin model, in
which a simple Lie algebra g is replaced by the affine Kac–Moody algebra ĝ. It is known
[FFR, F1, FFT] that the spectra of the Hamiltonians of the Gaudin model associated to g
can be encoded by differential operators known as Lg-opers, where Lg is the Langlands dual
Lie algebra of g. (This follows from an isomorphism between the center of the completed
enveloping algebra of ĝ at the critical level and the algebra of functions on Lg-opers on
the formal disc [FF3, F2].) Therefore, by analogy with the simple Lie algebra case, it
was conjectured in [FF5] that the spectra of the quantum ĝ-KdV Hamiltonians should be
encoded by what was called in [FF5] the affine opers associated to the Langlands dual affine
algebra Lg, or Lĝ-affine opers (Lĝ-opers for short). Moreover, it was shown in [FF5] that this
1This QQ˜-system should not be confused with the Q-system satisfied by (ordinary) characters of Kirillov–
Reshetikhin modules, see [H1] and references therein.
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proposal is consistent with the results obtained in the papers cited above for ĝ = ŝlr =
Lĝ.
In the present paper we give more details on the structure of the relevant Lĝ-opers in the
case that Lĝ is a twisted affine algebra, making a connection to the twisted opers introduced
in [FG] (Section 8.6).
Already in the pioneering works [DT1, BLZ4, DT2, DDT1, BHK] various systems of
functional equations were constructed for ĝ = ŝlr with the property that its solution could
be attached to an rth order differential operator of a special kind. From the perspective
of [FF5], those differential operators are the same as ŝlr-affine opers corresponding to the
highest weight vectors for r > 2, and to all eigenvectors for r = 2. On the other hand, the
eigenvalues of certain non-local quantum ŝlr-KdV Hamiltonians were shown to satisfy the
same relations; namely, for ŝl2, in [BLZ4, BLZ5]; for ŝl3, in [BHK]; and for ŝlr, in [Ko].
Therefore, in the case of ĝ = ŝlr these relations provided a link between the spectra of
quantum ĝ-KdV Hamiltonians and Lĝ-affine opers (because Lŝlr = ŝlr).
Unfortunately, these systems were either analogues of the Baxter’s TQ-relation – and so
they involved the classes of finite-dimensional representations of Uq(ĝ), with the number of
terms in the relation growing as the dimensions of those representations – or Wronskian-
type relations with the number of terms growing as r!. Analogues of such systems were
unknown for a general affine algebra ĝ, and this impeded further progress in understanding
the link between the spectra of quantum ĝ-KdV Hamiltonians and Lĝ-affine opers, beyond
the case of ŝlr.
That’s why an elegant and uniform QQ˜-system proposed for an arbitrary untwisted affine
Kac–Moody algebra ĝ in the papers [MRV1, MRV2] is such an important development.
However, the QQ˜-system was constructed in [MRV1, MRV2] only on the affine oper side
of the KdV-oper correspondence. In fact, it was shown in [MRV1, MRV2] that solutions
of the QQ˜-system can be attached to the simplest Lĝ-affine opers of the kind proposed in
[FF5] (those are in fact the Lĝ-affine opers that are supposed to encode the eigenvalues
of the quantum ĝ-KdV Hamiltonians on a highest weight vector of a representation of the
W-algebra). We note that some partial results in this direction were obtained earlier in [S].
If the solutions of this QQ˜-system could also be constructed using the methods of
[MRV1, MRV2] for more general Lĝ-affine opers from [FF5] and the present paper (which
are supposed to encode other eigenvalues of the ĝ-KdV Hamiltonians on representations of
W-algebras), this would open the possibility of using this QQ˜-system to establish the link
between the spectra of the quantum ĝ-KdV Hamiltonians and Lĝ-affine opers proposed in
[FF5] (analogously to the link established in [BLZ5] in the case of ŝl2).
However, in order to do that, we first need to understand the meaning of the QQ˜-system
on the side of the quantum KdV Hamiltonians. In other words, we need to answer the
following question: Can a solution of the QQ˜-system from [MRV1, MRV2] be attached to
each joint eigenvector of the quantum ĝ-KdV Hamiltonians?
In this paper we show that in fact the QQ˜-system of [MRV1, MRV2] is a universal
system of relations in the (commutative) Grothendieck ring K0(O) of the category O of
representations of the Borel subalgebra of the quantum affine algebra Uq(ĝ) introduced by
Jimbo and one of the authors in [HJ]. Since one can attach non-local quantum ĝ-KdV
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Hamiltonians to elements of K0(O) using the construction of [BLZ2, BLZ3, BHK] (modulo
some convergence issues discussed in Section 7.2 below), this gives us a way to attach a
solution of the QQ˜-system to each joint eigenvector of the quantum ĝ-KdV Hamiltonians
in a representation of the corresponding W-algebra.
An interesting aspect of the QQ˜-system is that it involves two sets of variables, denoted in
[MRV1, MRV2] by Qi and Q˜i, where i runs over the set of simple roots of g. The challenge
is then to find the corresponding two sets of representations of Uq(ĝ) from the category O
whose classes satisfy the QQ˜-system.
We find these representations in the present paper. Namely, the first set of representa-
tions, corresponding to the Qi, are the representations denoted by L
+
i,a and called prefun-
damental in [FH]. They were first constructed for ĝ = ŝl2 in [BLZ2, BLZ3], for ĝ = ŝl3
in [BHK], and for ĝ = ŝln+1 with i = 1 in [Ko]. For general ĝ, these representations were
introduced and studied in [HJ], and they were further investigated in [FH].
The representations of the second set, corresponding to the Q˜i, have not been previously
studied for general affine algebras, as far as we know. We denote these representations by
Xi,a in Section 3. If L
+
i,a in some sense corresponds to the ith fundamental weight ωi of
g, then Xi,a corresponds to the weight ωi − αi. We prove that together, Qi = [L
+
i,a] and
Q˜i = [Xi,a] satisfy the QQ˜-system of [MRV1, MRV2], up to some scalar multiples (which
are inessential normalization constants from the point of view of the eigenvalues of the
quantum KdV Hamiltonians).
Thus, we prove that theQQ˜-system of [MRV1, MRV2] appears naturally in representation
theory of the Borel subalgebra of the quantum affine algebra Uq(ĝ) for an arbitrary untwisted
affine Kac–Moody algebra ĝ. Furthermore, we conjecture an analogous QQ˜-system in the
Grothendieck ring K0(O) for an arbitrary twisted affine Kac–Moody algebra ĝ (Conjecture
3.3), as well as an analogue of the result of [MRV1, MRV2] that solutions of this system
can be attached to Lĝ-opers (Conjecture 8.1).
It follows from out results that the QQ˜-system arises whenever there is an action of the
Grothendieck ring K0(O) on a vector space, as the relation between the joint eigenvalues
of the commuting operators corresponding to the classes of the representations L+i,a and
Xi,a in K0(O). For instance, let V be the tensor product a finite number of irreducible
finite-dimensional representation of Uq(ĝ). The well-known transfer-matrix construction
yields an action of K0(O) on V (see [FH]). Therefore we obtain that the joint eigenvalues
of the transfer-matrices corresponding to L+i,a and Xi,a satisfy the QQ˜-system. There is
also a similar relation in the dual category O∗, in which the role of L+i,a is played by its
dual representation denoted by R+i,a in [FH]. Furthermore, in [FH] it was proved that every
eigenvalue of the transfer-matrix of R+i,a on such a V is equal, up to a common scalar factor
that depends only on V and i, to a polynomial in the spectral parameter (this was originally
conjectured in [FR]). These polynomials are the generalizations of the celebrated Baxter’s
polynomials (see [FH] for more details and references).
As an immediate consequence of this QQ˜-system, one can derive a system of equations
on the roots of these polynomials, which are nothing but the Bethe Ansatz equations for
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the quantum integrable systems associated to Uq(ĝ). Previously, for a general ĝ these
equations were essentially guessed from the relations between these eigenvalues and the
eigenvalues of the transfer-matrices corresponding to finite-dimensional representations of
Uq(ĝ), as explained in [FR, FH]; these relations are generalizations of Baxter’s TQ-relation
(see, e.g., [FH]). This argument, which goes back to Reshetikhin’s analytic Bethe Ansatz
method [R1, R2, R3] (see also [BR, KS1]), gives strong evidence for the Bethe Ansatz
equations, but short of a proof. On the other hand, the QQ˜-system gives us a direct proof
(albeit under a genericity assumption) of the Bethe Ansatz equations for the roots of the
generalized Baxter polynomials arising from every joint eigenvector of the transfer-matrices
on V . This is explained in Section 5 below, following [MRV1, MRV2].
The non-local quantum ĝ-KdV Hamiltonians give us another example of an action of the
Grothendieck ring K0(O) via the construction of [BLZ2, BLZ3, BHK] – in this case, on
representations of the corresponding W-algebra (modulo the convergence issues discussed
in Section 7.2). Thus, for each common eigenvector of the quantum ĝ-KdV Hamiltonians
we also obtain a solution of the above QQ˜-system. In this case, the Qi and Q˜i, viewed
as functions of the spectral parameter, are expected to be entire functions on the complex
plane with a particular asymptotic behavior at infinity [BLZ2, BLZ3, BLZ4, BLZ5, BHK].
The corresponding Bethe Ansatz equations are then the equations on the positions of the
zeros of the functions Qi. In the case of ĝ = ŝlr these equations are equivalent to the ones
that have been previously considered in the literature.
In a similar way, solutions of the QQ˜-system can be attached to joint eigenvalues of
the non-local quantum Hamiltonians of the “shift of argument” affine Gaudin model intro-
duced in [FF4, Section 3]. The zeros of the corresponding functions Qi satisfy the same
Bethe Ansatz equations, but these functions have analytic properties different from the an-
alytic properties of the functions Qi corresponding to the joint eigenvalues of the non-local
quantum ĝ-KdV Hamiltonians.
We also want to note that Baxter’s Q-operators Qi arise in other important quantum
integrable models, such as the ones studied in [NPS] that appear in the Ω-deformations of
the five-dimensional supersymmetric quiver gauge theories. It is natural to expect that the
construction of these Q-operators can be extended to the entire Grothendieck ring K0(O).
Then the operators Q˜i can be constructed in those models as well, so that together with
the Baxter’s operators Qi they satisfy the QQ˜-system. The corresponding Bethe Ansatz
equations may then be derived from the QQ˜-system.
As we mentioned above, according to [MRV1, MRV2], a solution of the QQ˜-system can
be obtained from special Lĝ-affine opers; namely, the ones that correspond to highest weight
vectors of the representations of the W-algebra (they are automatically eigenvectors of the
quantum ĝ-KdV Hamiltonians because the Virasoro operator L0 is one of these Hamiltoni-
ans). Thus, the QQ˜-system links a Lĝ-affine oper of this kind and the joint eigenvalues of
the ĝ-KdV Hamiltonians on the highest weight vector. (This generalizes the earlier results
for ŝlr [DT1, BLZ4, DT2, DDT1, BHK, BLZ5]).
Davide Masoero and Andrea Raimondo informed us that they expect that their construc-
tion can be generalized to the more general Lĝ-affine opers from [FF5] (see also Section 8
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below) that were conjectured to correspond to other eigenvectors of the quantum ĝ-KdV
Hamiltonians. If this is indeed the case, then the QQ˜-system will provide a link between
the Lĝ-affine opers and eigenvalues of the quantum ĝ-KdV Hamiltonians (similarly to the
case of ŝl2 in [BLZ5]).
Finally, we note that an analogue of the QQ˜-system also exists for the quantum gl1
toroidal algebra. We present it in Section 3.5. We also note that for quantum affine alge-
bras another system of relations in K0(O) was established in [HL2]. It arises naturally from
a cluster algebra structure introduced in [HL2], as the first step of the Fomin–Zelevinsky
mutation relations. We call it the QQ∗-system and discuss it in Section 3.4. This system
gives rise to the same Bethe Ansatz equations as the QQ˜-system (see Section 5). Further-
more, a system analogous to the QQ∗-system has been recently defined in [FJMM] for the
quantum gl1 toroidal algebra. The corresponding Bethe Ansatz equations were also proved
in [FJMM] (unconditionally). We show in Section 5 that the same Bethe Ansatz equations
also follow from the QQ˜-system of Section 3.5 (under a genericity assumption).
The paper is organized as follows. In Section 2, we present the necessary definitions and
results concerning quantum affine algebras and the category O. In Section 3 we introduce
the irreducible representations Xi,a and state the QQ˜-system (Theorem 3.2). We describe
2 the examples of the QQ˜-system for g = sl2 and sl3, connecting the QQ˜-system in these
cases to relations found in earlier works [BLZ3, BHK]. We also conjecture an analogue of
the QQ˜-system for twisted affine algebras (Section 3.3), state the QQ∗-system for quantum
affine algebras (Section 3.4) and an analogue of the QQ˜-system for the quantum gl1 toroidal
algebra (Section 3.5). In Section 4 we prove the QQ˜-system for untwisted affine algebras
using the theory of q-characters. We then derive the Bethe Ansatz equations from the
QQ˜-system in Section 5 and discuss applications of the Bethe Ansatz equations in various
situations.
After that, we shift our focus to the KdV system. In Section 6 we recall the definition
of the classical KdV system and the corresponding spaces of opers for both twisted and
untwisted affine algebras. Then we discuss the quantization of the KdV Hamiltonians in
Section 7. We explain the construction of [BLZ1, BLZ2, BLZ3, BHK] assigning non-local
quantum KdV Hamiltonians to elements of K0(O). In Section 7.4 we state Conjecture 7.2
that the quantum ĝ- and Lĝ-KdV Hamiltonians commute with each other. If true, this
should yield a somewhat surprising correspondence between solutions of the QQ˜-systems
(as well as other equations stemming from K0(O) such as the QQ
∗-system) for Uq(ĝ) and
Uqˇ(
Lĝ), where q = eπiβ
2
and qˇ = eπirˇ/β
2
.
In Section 8 we discuss and give more details on the conjecture of [FF5] linking the
spectra of quantum ĝ-KdV Hamiltonians and Lĝ-opers of a certain kind, elucidating a
number of points, including a more precise interpretation of the Lĝ-opers in the non-simply
laced case. We also discuss the results of [MRV1, MRV2] associating a solution of the
2Vladimir Bazhanov drew out attention to a system of relations in the case of sln+1 which were introduced
in [BFLMS, Equation (1.3)]. Moreover, a referee gave us an explicit comparison between this system and
the QQ˜-system, see Remark 3.4 below for more details.
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QQ˜-system (for Uq(ĝ)) to the simplest
Lĝ-opers of this kind and conjecture a generalization
of these results to the case of twisted affine algebras ĝ (Section 8.7). Finally, we discuss
a conjectural duality between ĝ- and Lĝ-affine opers (Section 8.8) and comment on the
appearance of opers associated to two Langlands dual Lie algebras in the classical and the
quantum pictures, which still largely remains a mystery (Section 8.9).
Acknowledgments. We are grateful to Davide Masoero and Andrea Raimondo for fruitful
discussions and explanations about their work [MRV1, MRV2], which was the main moti-
vation for this paper. We also thank them for raising a question about the meaning of our
formula for Lĝ-opers in the non-simply laced case, which helped us to formulate it more
precisely (Section 8.6).
We thank Bernard Leclerc for his comments on the first version of this paper, and the
referees for their thorough reading of the paper and useful comments.
E. Frenkel was supported by the NSF grant DMS-1201335. D. Hernandez was supported
in part by the European Research Council under the European Union’s Framework Pro-
gramme H2020 with ERC Grant Agreement number 647353 QAffine.
2. Background on quantum affine algebras
In this section we collect some definitions and results on quantum affine algebras and
their representations. We refer the reader to [CP] for a canonical introduction, and to
[CH, L] for more recent surveys on this topic. We also discuss representations of the Borel
subalgebra of a quantum affine algebra, see [HJ, FH] for more details.
2.1. Quantum affine algebras and Borel algebras. Let C = (Ci,j)0≤i,j≤n be an inde-
composable Cartan matrix of untwisted affine type. We denote by ĝ the Kac–Moody Lie
algebra associated with C. Set I = {1, . . . , n}, and denote by g the finite-dimensional sim-
ple Lie algebra associated with the Cartan matrix (Ci,j)i,j∈I . Let {αi}i∈I , {α
∨
i }i∈I , {ωi}i∈I ,
{ω∨i }i∈I , and h be the simple roots, the simple coroots, the fundamental weights, the fun-
damental coweights, and the Cartan subalgebra of g, respectively. We set Q = ⊕i∈IZαi,
Q+ = ⊕i∈IZ≥0αi, P = ⊕i∈IZωi. Let D = diag(d0 . . . , dn) be the unique diagonal matrix
such that B = DC is symmetric and di’s are relatively prime positive integers. We will also
use PQ = P ⊗Q with its partial ordering defined by ω ≤ ω
′ if and only if ω′ − ω ∈ Q+. We
denote by ( , ) : Q×Q→ Z the invariant symmetric bilinear form such that (αi, αi) = 2di.
We use the numbering of the Dynkin diagram as in [Ka]. Let a0, · · · , an stand for the Kac
labels ([Ka], pp.55-56). We have a0 = 1 and we set α0 = −(a1α1 + a2α2 + · · ·+ anαn). We
set
i ∼ j if Ci,j < 0.
Throughout this paper, we fix a non-zero complex number q which is not a root of unity.
We set qi = q
di . We also set h ∈ C such that q = eh, so that qr is well-defined for any
r ∈ Q. We will use the standard symbols for q-integers
[m]z =
zm − z−m
z − z−1
, [m]z! =
m∏
j=1
[j]z ,
[
s
r
]
z
=
[s]z!
[r]z![s − r]z!
.
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The quantum loop algebra Uq(ĝ) is the C-algebra defined by generators ei, fi, k
±1
i
(0 ≤ i ≤ n) and the following relations for 0 ≤ i, j ≤ n.
kikj = kjki, k
a0
0 k
a1
1 · · · k
an
n = 1, kiejk
−1
i = q
Ci,j
i ej , kifjk
−1
i = q
−Ci,j
i fj,
[ei, fj ] = δi,j
ki − k
−1
i
qi − q
−1
i
,
1−Ci.j∑
r=0
(−1)re
(1−Ci,j−r)
i eje
(r)
i = 0 (i 6= j),
1−Ci.j∑
r=0
(−1)rf
(1−Ci,j−r)
i fjf
(r)
i = 0 (i 6= j) .
Here we have set x
(r)
i = x
r
i /[r]qi ! (xi = ei, fi). The algebra Uq(ĝ) has a Hopf algebra
structure such that
∆(ei) = ei ⊗ 1 + ki ⊗ ei, ∆(fi) = fi ⊗ k
−1
i + 1⊗ fi, ∆(ki) = ki ⊗ ki ,
where i = 0, · · · , n.
The algebra Uq(ĝ) can also be presented in terms of the Drinfeld generators [Dr, Be]
x±i,r (i ∈ I, r ∈ Z), φ
±
i,±m (i ∈ I,m ≥ 0), k
±1
i (i ∈ I).
We will use the generating series (i ∈ I):
φ±i (z) =
∑
m≥0
φ±i,±mz
±m = k±1i exp
(
±(qi − q
−1
i )
∑
m>0
hi,±mz
±m
)
.
We also set φ±i,±m = 0 for m < 0, i ∈ I.
The algebra Uq(ĝ) has a Z-grading defined by deg(ei) = deg(fi) = deg(k
±1
i ) = 0 for i ∈ I
and deg(e0) = − deg(f0) = 1. It satisfies deg(x
±
i,m) = deg(φ
±
i,m) = m for i ∈ I, m ∈ Z. For
a ∈ C×, there is a corresponding automorphism
τa : Uq(ĝ)→ Uq(ĝ)
such that an element g of degree m ∈ Z satisfies τa(g) = a
mg.
Definition 2.1. The Borel algebra Uq(b) is the subalgebra of Uq(ĝ) generated by ei and k
±1
i
with 0 ≤ i ≤ n.
This is a Hopf subalgebra of Uq(ĝ). The algebra Uq(b) contains the Drinfeld generators
x+i,m, x
−
i,r, k
±1
i , φ
+
i,r where i ∈ I, m ≥ 0 and r > 0. When g = sl2, these elements generate
Uq(b).
Denote t ⊂ Uq(b) the subalgebra generated by {k
±1
i }i∈I . Set t
× =
(
C×
)I
, and endow it
with a group structure by pointwise multiplication. We define a group morphism : PQ −→
t× by setting ωi(j) = q
δi,j
i . We shall use the standard partial ordering on t
×:
ω ≤ ω′ if ωω′−1 is a product of {α−1i }i∈I .(2.1)
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2.2. Category O for representations of Borel algebras. For a Uq(b)-module V and
ω ∈ t×, we set
Vω = {v ∈ V | ki v = ω(i)v (∀i ∈ I)} ,(2.2)
and call it the weight space of weight ω. For any i ∈ I, r ∈ Z we have φ±i,r(Vω) ⊂ Vω and
x±i,r(Vω) ⊂ Vωα±1i
. We say that V is Cartan-diagonalizable if V =
⊕
ω∈t×
Vω.
Definition 2.2. A series Ψ = (Ψi,m)i∈I,m≥0 of complex numbers such that Ψi,0 6= 0 for all
i ∈ I is called an ℓ-weight.
We denote by t×ℓ the set of ℓ-weights. Identifying (Ψi,m)m≥0 with its generating series we
shall write
Ψ = (Ψi(z))i∈I , Ψi(z) =
∑
m≥0
Ψi,mz
m.
Since each Ψi(z) is an invertible formal power series, t
×
ℓ has a natural group structure. We
have a surjective morphism of groups ̟ : Pℓ → PQ given by Ψi(0) = q
̟(Ψ)(α∨i )
i .
Definition 2.3. A Uq(b)-module V is said to be of highest ℓ-weight Ψ ∈ t
×
ℓ if there is v ∈ V
such that V = Uq(b)v and the following hold:
ei v = 0 (i ∈ I) , φ
+
i,mv = Ψi,mv (i ∈ I, m ≥ 0) .
The ℓ-weight Ψ ∈ t×ℓ is uniquely determined by V . It is called the highest ℓ-weight of V .
The vector v is said to be a highest ℓ-weight vector of V .
Proposition 2.4. For any Ψ ∈ t×ℓ , there exists a simple highest ℓ-weight module L(Ψ) of
highest ℓ-weight Ψ. This module is unique up to isomorphism.
The submodule of L(Ψ)⊗L(Ψ′) generated by the tensor product of the highest ℓ-weight
vectors is of highest ℓ-weight ΨΨ′. In particular, L(ΨΨ′) is a subquotient of L(Ψ)⊗L(Ψ′).
Definition 2.5. [HJ] For i ∈ I and a ∈ C×, let
L±i,a = L(Ψi,a) where (Ψi,a)j(z) =
{
(1− za)±1 (j = i) ,
1 (j 6= i) .
(2.3)
We call L+i,a (resp. L
−
i,a) a positive (resp. negative) prefundamental representation in the
category O.
Definition 2.6. [HJ] For ω ∈ t×, let
[ω] = L(Ψω) where (Ψω)i(z) = ω(i) (i ∈ I).
Note that the representation [ω] is 1-dimensional with a trivial action of e0, · · · , en. For
λ ∈ P , we will simply use the notation [λ] for the representation [λ].
For a ∈ C×, the subalgebra Uq(b) is stable under τa. Denote its restriction to Uq(b) by
the same letter. Then the pullbacks of the Uq(b)-modules L
±
i,b by τa is L
±
i,ab.
For λ ∈ t×, we set D(λ) = {ω ∈ t× | ω ≤ λ}. The following category O is introduced in
[HJ].
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Definition 2.7. A Uq(b)-module V is said to be in category O if:
i) V is Cartan-diagonalizable,
ii) for all ω ∈ t× we have dim(Vω) <∞,
iii) there exist a finite number of elements λ1, · · · , λs ∈ t
× such that the weights of V are
in
⋃
j=1,··· ,s
D(λj).
The category O is a monoidal category.
Let r be the subgroup of t×ℓ consisting of Ψ such that Ψi(z) is rational for any i ∈ I.
Theorem 2.8. [HJ] Let Ψ ∈ t×ℓ . The simple module L(Ψ) is in category O if and only if
Ψ ∈ r.
Let E be the additive group of maps c : PQ → Z whose support
supp(c) = {ω ∈ PQ, c(ω) 6= 0}
is contained in a finite union of sets of the form D(µ). For ω ∈ PQ, we define [ω] = δω,. ∈ E.
For V in the category O we define the character of V to be an element of E
χ(V ) =
∑
ω∈t×
dim(Vω)[ω] .(2.4)
As for the category O of a classical Kac–Moody algebra, the multiplicity of a simple
module in a module of our category O is well-defined (see [Ka, Section 9.6]) and we have
the corresponding Grothendieck ring K0(O) (see also [HL2, Section 3.2]). Its elements are
the formal sums
χ =
∑
Ψ∈r
λΨ[L(Ψ)]
where the λΨ ∈ Z are set so that
∑
Ψ∈r,ω∈PQ
|λΨ|dim((L(Ψ))ω)[ω] is in E.
We naturally identify E with the Grothendieck ring of the category of representations of
O with constant ℓ-weights, the simple objects of which are the [ω], ω ∈ PQ. Thus as in [Ka,
Section 9.7] we will regard elements of E as formal sums
c =
∑
ω∈Supp(c)
c(ω)[ω].
The multiplication is given by [ω][ω′] = [ω + ω′] and E is regarded as a subring of K0(O).
The character defines a ring morphism χ : K0(O)→ E which is not injective.
2.3. Monomials and finite-dimensional representations. Following [FR], consider the
ring of Laurent polynomials Y = Z[Y ±1i,a ]i∈I,a∈C× in the indeterminates {Yi,a}i∈I,a∈C× . Let
M be the group of monomials of Y. For example, for i ∈ I, a ∈ C×, define Ai,a ∈M to be
Yi,aq−1i
Yi,aqi
( ∏
{j∈I|Cj,i=−1}
Yj,a
∏
{j∈I|Cj,i=−2}
Yj,aq−1Yj,aq
∏
{j∈I|Cj,i=−3}
Yj,aq−2Yj,aYj,aq2
)−1
.
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For a monomial m =
∏
i∈I,a∈C× Y
ui,a
i,a , we consider its ‘evaluation on φ
+(z)’. By definition
it is an element m(φ(z)) ∈ r given by
m
(
φ(z)) =
∏
i∈I,a∈C×
(Yi,a(φ(z)))
ui,a where
(
Yi,a
(
φ(z)
))
j
=
qi
1− aq−1i z
1− aqiz
(j = i),
1 (j 6= i).
This defines an injective group morphism M→ r. We identify a monomial m ∈M with its
image in r. Note that ̟(Yi,a) = ωi.
Let C be the category of (type 1) finite-dimensional representations of Uq(ĝ).
A monomial M ∈M is said to be dominant if M ∈ Z[Yi,a]i∈I,a∈C× . Then L(M) is finite-
dimensional. Moreover, the action of Uq(b) can be uniquely extended to an action of the
full quantum affine algebra Uq(ĝ), and any simple object in the category C is of this form.
By [CP] and [FH, Remark 3.11], for L(Ψ) a finite-dimensional module in the category O,
there is M as above and ω ∈ t× such that
L(Ψ) ≃ L(M)⊗ [ω].
Note that if Ψ is a monomial in the variables
Y˜i,a = [−ωi]Yi,a,
then L(Ψ) is finite-dimensional. We will also use in the following notation:
A˜i,a = Ψi,aq−2i
Ψ−1
i,aq2i
 ∏
j∼i,rj>1
Ψ−1
j,aq−1j
Ψj,aqj
 ∏
j∼i,rj=1
Ψ−1
j,aq−1i
Ψj,aqi
 = [−αi]Ai,a.
For i ∈ I, a ∈ C× and k ≥ 0, we have the Kirillov–Reshetikhin (KR) module
W
(i)
k,a = L(Yi,aYi,aq2i
· · ·Y
i,aq
2(k−1)
i
) .(2.5)
The representations W
(i)
1,a = L(Yi,a) are called fundamental representations. The simple
tensor product of a KR-module by a one-dimensional representation [ω], ω ∈ P , will also
be called a KR-module.
2.4. Example. The prefundamental representations have a relatively simple structure in
comparison to the general simple representations in the category O.
As an example, let us consider the case g = B2 and the representation L
+
2,1. From [HJ] we
know the action of a large number of generators of the Borel algebra on this representation.
For r > 0, φ+1,r, φ
+
2,r+1, x
+
1,r, x
+
2,r, x
−
1,r, x
−
2,r+1 act by 0 on this representation; k
−1
2 φ
+
2,1 is the
operator −Id; the root operators E−α1−α2+(r+1)δ, E−2α1−α2+(r+1)δ act by 0.
As this representation L+2,1 is constructed in [HJ] as a limit of finite-dimensional Kirillov-
Reshetikhin modules whose structure is well-known (see [H1, H3] and references therein),
it has a basis
L+2,1 =
⊕
T∈T
CvT
of weight vectors parametrized by the semi-infinite tableaux T = (Ti,j)i=1,2,j≥0 with coeffi-
cients in the ordered set
1 ≺ 2 ≺ 0 ≺ 1 ≺ 2
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satisfying Ti,j  Ti,j+1, (Ti,j , Ti,j+1) 6= (0, 0) and (T1,j ≺ T2,j or (T1,j , T2,j) = (0, 0)). It is
required in addition that Ti,j = i for j is large enough.
The weight of vT is
ωT = −
∑
j≥0
α(T1,j) + β(T2,j)
where α(1, 2, 0, 1) = (0, α1, α1 + α2, α1 + 2α2) and β(2, 0, 1, 2) = (0, α2, 2α2, 2α2 + α1). In
particular, we have the explicit character formula
χ2 = χ(L
+
2,1) =
∑
T∈T
[ωT ].
3. The QQ˜-system
In this section we prove the QQ˜-system of relations in K0(O) (Theorem 3.2). This is one
of the main results of this paper.
3.1. Statement. Let g be an arbitrary simple Lie algebra. We start by introducing the
following representations.
Definition 3.1. For i ∈ I and a ∈ C×, we define the representation
Xi,a = L(Ψ˜i,a)
where
Ψ˜i,a = Ψ
−1
i,a
 ∏
j|Ci,j=−1
Ψj,aqi
 ∏
j|Ci,j=−2
Ψj,aΨj,aq2
 ∏
j|Ci,j=−3
Ψj,aq−1Ψj,aqΨj,aq3
 .
Note that if we think of Ψi,a as an analogue of the fundamental weight ωi, then Ψ˜i,a is
an analogue of the weight ωi − αi.
Remark 3.1. (i) If g is simply-laced, then
Xi,a = L(Ψ
−1
i,a
∏
j∼i
Ψj,aq).
(ii) The ℓ-weight Ψi,a may be written as an infinite product
Ψi,a = Y˜i,aqiY˜i,aq3i Y˜i,aq5i · · · .
where Y˜i,a as in Section 2.3 is the analogue of a fundamental weight. Similarly, one may
write Ψ˜i,a as an infinite product involving the A˜i,a as in Section 2.3 which is the analogue
of a simple root. Indeed,
A˜−1
i,aq2i
Y˜i,aq3i A˜
−1
i,aq4i
Y˜i,aq5i A˜
−1
i,aq6i
Y˜i,aq7i · · ·
= Ψ−1i,a
∏
K≥1
 ∏
j∼i,rj>1
Ψj,aq2Ki q
−1
j
Ψ−1
j,aq2Ki qj
 ∏
j∼i,rj=1
Ψj,aq2Ki q
−1
i
Ψ−1
j,aq2Ki qi

SPECTRA OF QUANTUM KDV HAMILTONIANS, LANGLANDS DUALITY, AND AFFINE OPERS 13
= Ψ−1i,a
 ∏
j∼i,rj>1
Ψj,aq2i q
−rjΨj,aq2i q
−rj+2ri
j
· · ·Ψj,aq2i q
rj−2ri
 ∏
j∼i,rj=1
Ψj,aqi
 = Ψ˜i,a.
So Ψ˜i,a may be indeed be viewed as an analogue of the difference ωi − αi. 
We define the Q and Q˜ variables as follows:
(3.6) Qi,a = [L
+
i,a] and Q˜i,a = [Xi,aq−2i
]χ−1i
[
−
αi
2
]
,
where
(3.7) χi = χ(L
+
i,a) ∈ E
does not depend on a and is seen as an element of K0(O).
Now we state the QQ˜-system which is one of the main results of this paper.
Theorem 3.2. For any i ∈ I, a ∈ C× we have the following QQ˜-system:
(3.8)
[αi
2
]
Qi,aq−1i
Q˜i,aqi −
[
−
αi
2
]
Qi,aqiQ˜i,aq−1i
= ∏
j|Ci,j=−1
Qj,a
 ∏
j|Ci,j=−2
Qj,aq−1Qj,aq
 ∏
j|Ci,j=−3
Qj,aq−2Qj,aQj,aq2
 .
Remark 3.2. (i) This QQ˜-system matches [MRV2, Formula (5.4)], with E replaced by a
and Ω replaced by q−2.
(ii) In this simply-laced case, the QQ˜-system specializes to the following:[αi
2
]
Qi,aq−1Q˜i,aq −
[
−
αi
2
]
Qi,aqQ˜i,aq−1 =
∏
j∼i
Qj,a.
This matches [MRV1, Formula (4.6)].
(iii) An analogous system may be written for the category O∗ dual to the category
O, which was defined in [HJ, Section 3.6]. It suffices to set Qi,a = [R
+
i,a] and Q˜i,a =
[X ′
i,aq−2i
](χ′i)
−1
[
αi
2
]
and to replace
[
±αi2
]
by
[
∓αi2
]
. Here R+i,a and X
′
i,a are defined by
(R+i,a)
∗ ≃ L+i,a, (X
′
i,a)
∗ ≃ Xi,a and χ
′
i = χ(R
+
i,a). Indeed the same proof as for formula (3.8)
gives us a relation in the category O of the opposite Borel as considered in [FH, Section
3.5] with the representations L+i,a, Xi,a replaced by the simple representations in O with the
same highest ℓ-weight. Then it suffices to twist by the involutive automorphism ω̂ as in
[FH]. 
3.2. First examples. Let g = sl2. We have the following relation in K0(O):
[L+a ][L
−
a ]− [−α][L
+
aq2
][L−
aq−2
] = χ
where as above
χ = χ(L+a ) =
∑
r≥0
[−rα] ∈ K0(O).
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does not depend on a. By setting
Qa = [L
+
a ] and Q˜a = [L
−
aq−2
]χ−1
[
−
α
2
]
we get the QQ˜-relation: [α
2
]
Qaq−1Q˜aq −
[
−
α
2
]
QaqQ˜aq−1 = 1
which is essentially the “quantum Wronskian relation” [BLZ5, Formula (9)] (see also [BLZ2,
BLZ3]).
Let g = sl3. We consider 6 families of representations as in [BHK]: the prefundamental
representations L+1,a, L
+
2,a, L
−
1,a, L
−
2,a and the new representations
X1,a = L(Ψ
−1
1,aΨ2,aq) , X2,a = L(Ψ
−1
2,aΨ1,aq).
Let
χ1 = χ(L
+
1,a) =
∑
0≤r≤s
[−rα2 − sα1] = and χ2 = χ(L
+
2,a) =
∑
0≤r≤s
[−rα1 − sα2].
Remark 3.3. The representations X1,a and X2,a have the same character in this case (this
is not true for general g):
χ(X1,a) = χ(X2,a) =
∑
λ,µ≥0
(1 +Min(λ, µ))[−λα1 − µα2],
which is the character of the Verma module of sl3 of highest weight 0. However, the
representations X1,a, X2,a are not evaluation modules of this Verma module as the action
of Uq(b̂) can not be extended to the full quantum affine algebra. 
We view χ1, χ2 as elements of K0(O). Now we can define the Q and Q˜ variables:
Q1,a = [L
+
1,a] , Q˜1,a = [X1,aq−2 ]χ
−1
1
[
−
α1
2
]
,
Q2,a = [L
+
2,a] , Q˜2,a = [X2,aq−2 ]χ
−1
2
[
−
α2
2
]
.
Then get the QQ˜-system in Frac(K0(O)) as in [BHK, Formulas (5.4), (5.5)]:[α1
2
]
Q1,aq−1Q˜1,aq −
[
−
α1
2
]
Q1,aqQ˜1,aq−1 = Q2,a.[α2
2
]
Q2,aq−1Q˜2,aq −
[
−
α2
2
]
Q2,aqQ˜2,aq−1 = Q1,a.
Let g = B2. We have given in section 2.4 an explicit formula for χ2 and a description of
the representation L+2,a. The corresponding QQ˜-relation is[α2
2
]
Q2,aq−1Q˜2,aq −
[
−
α2
2
]
Q2,aqQ˜2,aq−1 = Q1,aq−1Q1,aq
where the Qi,a are classes of prefundamental representations and Q˜2,a = [X2,aq−2 ]χ
−1
2
[
−α22
]
.
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Remark 3.4. Vladimir Bazhanov drew out attention to a system of relations in the case of
sln+1 which were introduced in [BFLMS, Equation (1.3)] in the context of finite-dimensional
representations of the corresponding Yangians, which is equivalent to ours (for example, the
analogues of the prefundamental representations for the Yangians of sln+1 are described in
[BFLMS] and called there “partonic” representations). Moreover, an explicit comparison
between this system and the QQ˜-system was kindly given to us by the referee which we
now present (it is worth mentioning that in this case it coincides with the Hirota equations,
according to [BFLMS]). This is not immediately clear as the system of [BFLMS] involves a
seemingly different set of variables Qj1,··· ,ji with j1, · · · , ji ∈ {1, · · · , n}. Let us pick what
can be called a path in the Hasse diagram
P : ∅ ⊂ {ι1} ⊂ {ι1, ι2} ⊂ · · · ⊂ {ι1, · · · , ιn} = {1, 2, · · · , n}.
Then [BFLMS, Equation (1.3)] with I = ∅ and a = ι1, b = ι2 is the type A QQ˜-system
with i = 1 after the identification of Q1, Q2, Q˜1 with Qι1 , Qι1,ι2 , Qι1,ι2\{ι1} (up to a
multiplication by a weight). More generaly, if we consider a second path
P˜ : ∅ ⊂ {ι˜1} = {ι1, ι2} \ {ι1} ⊂ {ι˜1, ι˜2} = {ι1, ι2, ι3} \ {ι2} ⊂ · · · ⊂ {1, · · · , n},
then [BFLMS, Equation (1.3)] with I = {ι1, · · · , ιi−1} and a = ιi, b = ιi+1 is the QQ˜-system
at i after the identification of Qj , Q˜j with Qι1,··· ,ιj , Qι˜1,··· ,ι˜j (up to a multiplication by a
weight).
3.3. QQ˜-system for the twisted quantum affine algebras. There is also a QQ˜-system
for the twisted quantum affine algebras. To explain this, we use the notation of [H4, Section
2.4] (except that the Lie algebra denoted by g in [H4] will now be denoted by g′, and I
will be denoted by I ′). Let σ be an automorphism of the Dynkin diagram of a simply-laced
simple finite-dimensional Lie algebra g′; that is, a bijection σ : I ′ → I ′ of the set I ′ of nodes
of the Dynkin diagram of g such that Cσ(i),σ(j) = Ci,j for any i, j ∈ I
′, where C is the
Cartan matrix of g′. Let r be the order of σ. Consider the twisted case, so that r ∈ {2, 3}
(in fact, g must be of type An (n ≥ 2), Dn (n ≥ 4), or E6). Let Iσ denote the set of orbits
of σ and for i ∈ I ′ we denote by i ∈ Iσ the orbit of i.
Using the Cartan generators of g′, we obtain an automorphism of g′ of the same order,
which we also denote by σ. The Lie algebra g′ decomposes into a direct sum of eigenspaces
of σ:
g′ =
⊕
i∈Z/rZ
g′
i
,
where g′
0
is the simple Lie algebra corresponding to the quotient of the Dynkin diagram of
g′ by the action of the automorphism. The twisted affine Kac–Moody algebra ĝ is defined
as the universal central extension of the twisted loop algebra
Lσg =
⊕
n∈Z
g′n ⊗ z
n
Note that its constant part is the simple Lie algebra g′
0
, the σ-invariants of g′. The nodes
of the Dynkin diagram of g′
0
are naturally parametrized by Iσ.
There is a quantum affine algebra Uq(ĝ) attached to the twisted affine algebra ĝ, whose
finite-dimensional representations were studied by several authors, see [H4] and references
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therein. This algebra has a Borel subalgebra, and one can define the corresponding category
O in the same way as in [HJ] (see Section 2.2). Though this category has not been studied in
the twisted case, it is natural to conjecture that it contains analogues of the representations
L+i,a and Xi,a defined in [HJ] and the present paper, respectively, in the untwisted case.
More precisely, for each i ∈ Iσ, let us choose a representative i ∈ I
′ in such a way that
that
(Ci,j , Ci,σ(j), · · · , Ci,σM−1(j)) 6= (0, · · · , 0)⇒ Ci,j = −1.
We fix such a choice and identify i and i using this choice. Hence Ci,j is well-defined for any
i, j ∈ Iσ. Then we expect that in the category O in the twisted case there are representations
L+i,a and Xi,a for all i ∈ Iσ and a ∈ C
×.
Now let us define Qi,a and Q˜i,a by formulas (3.6), and for each i ∈ Iσ, set qi = q
di where
di =

r if Ci,σ(i) = 2,
1 if Ci,σ(i) = 0,
1/2 if Ci,σ(i) = −1.
Conjecture 3.3. The variables Qi,a, Q˜i,a, i ∈ Iσ, a ∈ C
∗ satisfy the following QQ˜-system:[αi
2
]
Qi,aq−1i
Q˜i,aqi −
[
−
αi
2
]
Qi,aqiQ˜i,aq−1i
=

(∏
j∼i,dj=r
Qj,a
)(∏
j∼i,dj 6=r and b,br=a
Qj,b
)
if di = r,(∏
j∼i,dj=r
Qj,ar
)(∏
j∼i,dj 6=r
Qj,a
)
if di = 1,
Qi,−a ×
(∏
j∼iQj,a
)
if di = 1/2,
(3.9)
where the products run on the j ∈ Iσ, j ∼ i means Ci,j < 0 as above and αi is a simple root
of gσ.
We note that we have obtained the system (3.9) by a kind of “folding” of the QQ˜-system
for the simply-laced Lie algebra g′ (analogously to how the T -system in the twisted case
was written in [KS2] and established in [H4] by “folding” the T -system in the untwisted
case).
We expect that the proof of this conjecture can be obtained along the same lines as our
proof in Section 4 of the QQ˜-system in the case of untwisted quantum affine algebras. This
will be discussed in another paper.
3.4. QQ∗-system. Another system of relations in K0(O) was established in [HL2, Section
6.1.3]. It arises naturally in the context of cluster algebras, as the first step of the Fomin–
Zelevinsky mutation relations. Namely, for i ∈ I and a ∈ C× we have
Qi,aQ
∗
i,a =
∏
j,Cj,i 6=0
Q
j,aq−djCj,i
+ [−αi]
∏
j,Cj,i 6=0
Q
j,aqdjCj,i
where
Q∗i,a = [L(Ψ
−1
i,a
∏
j,Cj,i 6=0
Ψ
j,aq−djCj,i
)] , Qi,a = [L
+
i,a].
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This is the relation [HL2, Equation 6.14]. Note that Q∗i,a is the mutated cluster variable
obtained from Qi,a in a certain subring of K0(O), which was introduced and proved to be
a cluster algebra in [HL2].
To distinguish them from the relations of the QQ˜-system, we call these relations the
QQ∗-system.
An analogous system of relations was also established in [HL2, Example 7.8] in terms
of the negative prefundamental representations. Taking the duals in those relations, we
get the QQ∗-system in the Grothendieck ring of the dual category O∗, with the variables
Qi,a = [R
+
i,a−1
], Q∗i,a = L(Ψ
−1
i,a−1
∏
j,Cj,i 6=0
Ψ
j,a−1qdjCj,i
) and with [−αi] replaced by [αi].
3.5. QQ˜-system for the quantum gl1 toroidal algebra. An analogue of the QQ˜-system
holds for the quantum gl1 toroidal algebra E as well. The quantum parameters of E are
q1, q2, q3 satisfying (q1q3)
−1 = q2 = q
2 and we use the notations of [FJMM] except that
we replace their spectral parameter z by z−1 for consistency. For a ∈ C× we introduce the
representation La of highest ℓ-weight (1 − az)
−1(1 − q−11 az)(1 − q
−1
3 az). L
+
a denotes the
prefundamental representation of highest ℓ-weight (1− az).
If we set as above Qa = [L
+
a ] and Q˜a = [Xaq−2 ][−
α
2 ]χ
−1, where χ = χ(L+a ), then we
obtain the following QQ˜-system:
(3.10) [
α
2
]Qaq−1Q˜aq − [−
α
2
]QaqQ˜aq−1 = Qaq−1q−11
Qaq−1q−13
,
where [±α2 ] is the class of the one-dimensional representation corresponding to t
± 1
2 .
The proof is analogous to the proof of the QQ˜-system presented in the next section.
One needs to use the theory of q-characters of the category O of the quantum gl1 toroidal
algebra, which has recently been developed in [FJMM] in parallel with the theory for the
quantum affine algebras [FR, HJ, FH].
Note that the QQ∗-system for quantum affine algebras discussed in Section 3.4 also has
an analogue for the gl1 quantum toroidal algebra. This is the system of relations obtained
in [FJMM, Formula (4.24)].
Remark 3.5. We were informed by Michio Jimbo that the above QQ˜-system for the quan-
tum gl1 toroidal algebra was known to the authors of [FJMM]. 
4. Proof of the QQ˜-system
In this section we prove the QQ˜-system (3.8) stated in Theorem 3.2. One of the crucial
tools used in the proof is the theory of q-characters.
4.1. q-characters. For a Uq(b)-module V and Ψ ∈ t
∗
ℓ , the linear subspace
VΨ = {v ∈ V | ∃p ≥ 0,∀i ∈ I,∀m ≥ 0, (φ
+
i,m −Ψi,m)
pv = 0}(4.11)
is called the ℓ-weight space of V of ℓ-weight Ψ.
Theorem 4.1. [HJ] For V in category O, VΨ 6= 0 implies Ψ ∈ r.
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Given a map c : r→ Z, consider its support
supp(c) = {Ψ ∈ r | c(Ψ) 6= 0}.
Let Eℓ be the additive group of maps c : r→ Z such that ̟(supp(c)) is contained in a finite
union of sets of the form D(µ), and such that for every ω ∈ PQ, the set supp(c)∩̟
−1({ω})
is finite. The map ̟ is naturally extended to a surjective homomorphism ̟ : Eℓ → E.
For Ψ ∈ r, we define [Ψ] = δΨ,. ∈ Eℓ.
Let V be a Uq(b)-module in category O. We define [FR, HJ] the q-character of V as
χq(V ) =
∑
Ψ∈r
dim(VΨ)[Ψ] ∈ Eℓ .(4.12)
Example 4.2. For ω ∈ t×, the q-character of the 1-dimensional representation [ω] is just
its ℓ-highest weight χq([ω]) = [ω]. That is why the use of the same notation [ω] will not lead
to confusion.
Note that we have χ(V ) = ̟(χq(V )) for V a representation in the category O.
By [FR, Theorem 3] and [HJ, Proposition 3.12], we have the following.
Proposition 4.3. The q-character morphism
χq : Rep(Uq(b))→ Eℓ, [V ] 7→ χq(V ),
is an injective ring morphism.
It is proved in [FR] that a finite-dimensional Uq(ĝ)-module V satisfies V =
⊕
m∈M Vm(φ(z)).
In particular, χq(V ) can be viewed as an element of Y. It is proved in [FR, FM] that if
moreover V = L(m) is simple, then
χq(L(m)) ∈ m(1 + Z[A
−1
i,a ]i∈I,a∈C×).
Theorem 4.4. (i) For any a ∈ C×, i ∈ I we have
χq(L
+
i,a) = [Ψi,a]χ(L
+
i,a) = [Ψi,a]χ(L
−
i,a).
(ii) For any a ∈ C×, i ∈ I we have
χq(L
−
i,a) ∈
[
Ψ−1i,a
]
(1 +A−1i,aZ[[A
−1
j,b ]]j∈I,b∈C×).
Remark 4.1. (i) The statement (i) is proved in [HJ, FH].
(ii) The statement (ii) is proved in [HJ]: indeed it is established there that [Ψi,a]χq(L
−
i,a)
is a certain limit of q-characters of KR modules as a formal power series in the A−1j,b . It is
of the form written in the Theorem by [H1, Lemma 4.4].
(iii) As a consequence the χi ∈ E defined in formula (3.7) is equal to
χi = χ(L
+
i,a) = χ(L
−
i,a) =
[
Ψ−1i,a
]
χq(L
+
i,a).

Example 4.5. In the case ĝ = ŝl2, we have:
χq(L
+
1,a) = [(1 − za)]
∑
r≥0
[−2rω1] , χq(L
−
1,a) =
[
1
(1− za)
]∑
r≥0
A−11,aA
−1
1,aq−2
· · ·A−1
1,aq−2(r−1)
.
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Example 4.6. In the case of g = B2 (see section 2.4), we have:
χq(L
+
2,a) = [(1 − za)]
∑
T∈T
[ωT ],
χq(L
−
2,a) =
[
1
(1− za)
]∑
T∈T
∏
j≥0
(Aj(T1,j)Bj(T2,j))
−1,
where Aj(1, 2, 0, 1) = (1, A1,aq−4j+2 , A1,aq−4j+2A2,aq−4j+4 , A1,aq−4j+2A2,aq−4j+4A2,aq−4j+2) and
Bj(2, 0, 1, 2) = (1, A2,aq−4j , A2,aq−4jA2,aq−4j−2 , A2,aq−4jA2,aq−4j−2A1,aq−4j ).
Theorem 4.7. [FH] Any tensor product of positive (resp. negative) prefundamental repre-
sentations L+i,a (resp. L
−
i,a) is simple.
4.2. Examples. Let us explain the examples from Section 3.2 in terms of q-characters.
For g = sl2, the relations follow directly from the q-character explicit formulas given in
Example 4.5.
For g = sl3, we can prove the following explicit q-character formula (see the general result
in Proposition 4.8):
χq(X1,a) = [Ψ
−1
1,aΨ2,aq]χ2
∑
r≥0
(A1,aA1,aq−2 · · ·A1,aq−2(r−1))
−1
and an analog formula for χq(X2,a).
For g = B2, we can prove the following explicit q-character formula:
χq(X2,a) = [Ψ
−1
2,aΨ1,aΨ1,aq2 ]χ2
∑
r≥0
(A2,aA2,aq−2 · · ·A2,aq−2(r−1))
−1.
This gives some insights on the structure of the representation X2,a: it has a basis of the
ℓ-weight vectors
X2,a =
⊕
T∈T,r≥0
CvT,r
where vT,r has ℓ-weight
[Ψ−12,aΨ1,aΨ1,aq2 ][−ωT ](A2,aA2,aq−2 · · ·A2,aq−2(r−1))
−1.
4.3. A q-character formula. Our Theorem 3.2 is a consequence of the following
Proposition 4.8. For any i ∈ I, a ∈ C×, we have
(4.13) χq(Xi,a) = [Ψ˜i,a]χi,a
∏
j 6=i
χ
−Ci,j
j ,
where
χi,a =
∑
r≥0
(Ai,aAi,aq−2i
· · ·A
i,aq
−2(r−1)
i
)−1 ∈ Eℓ.
Remark 4.2. This explicit q-character formula implies
χ(Xi,a) = χi
∏
j 6=i
χ
−Ci,j
j .

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By using the automorphism τa, it suffices to prove the formula for a = 1.
For m ∈ Z we denote by [m] its integer part.
For N ≤ 0 < M let us set
Ψ˜
(N,M)
i = Ψ˜i,1Ψi,q−2Ni
 ∏
j|Ci,j=−1
Ψ−1
j,qri+2rj [1+(M−ri)/(2rj )]
 ·
·
 ∏
j|Ci,j=−2
Ψ−1
j,q4[1+M/4]
Ψ−1
j,q6+4[(M−2)/4]
 ·
·
 ∏
j|Ci,j=−3
Ψ−1
j,q5+6[(M+1)/6]
Ψ−1
j,q7+6[(M−1)/6]
Ψ−1
j,q8+6[(M−3)/6]

= (Y˜i,q−1i
Y˜i,q−3i
· · · Y˜i,q1−2Ni
)
 ∏
j|Ci,j=−1
Y˜j,qri+rj Y˜j,qri+3rj · · · Y˜j,qri+2rj [(M−ri)/(2rj)]+rj
 ·
·
 ∏
j|Ci,j=−2
(Y˜j,q2Y˜j,aq6 · · · Y˜j,q4[M/4]+2)(Y˜j,q4Y˜j,q8 · · · Y˜j,q4+4[(M−2)/4])
 ·
·
 ∏
j|Ci,j=−3
(Y˜j,q2Y˜j,q8 · · · Y˜j,q2+6[(M+1)/6])(Y˜j,q4Y˜j,q10 · · · Y˜j,q4+6[(M−1)/6]) ·
· (Y˜j,q6Y˜j,q12 · · · Y˜j,q6[1+(M−3)/6])
)
.
As Ψ˜
(N,M)
i is expressed as a product of variables Y˜j,b, the representation L(Ψ˜
(N,M)
i ) is
finite-dimensional (see Section 2.3). We will also consider the ℓ-weight Ψ˜
(M)
i obtained from
Ψ˜
(N,M)
i by removing the factors depending on N , that is
Ψ˜
(M)
i = Ψ˜
(N,M)
i Ψ
−1
i,q2Ni
.
As discussed in Section 4.1, we have
χq(L(Ψ˜
(N,M)
i )) ∈ [Ψ˜
(N,M)
i ]Z[A
−1
j,qr ]j∈I,r∈Z.
As moreover it follows from Theorem 4.4 that
χq(Ψ
−1
i,q2Ni
) ∈ [Ψ−1
i,q2Ni
]Z[[A−1j,qr ]]j∈I,r∈Z,
we get
χq(L(Ψ˜
(M)
i )) ∈ [Ψ˜
(M)
i ]Z[[A
−1
j,qr ]]j∈I,r∈Z.
Following [HL1], let us consider the truncated q-characters
χ<Mq (L(Ψ˜
(N,M)
i )) ∈ Eℓ and χ
<M
q (L(Ψ˜
(M)
i )) ∈ Eℓ
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which are the sum (with multiplicity) of the ℓ-weights m occurring in χq(L(Ψ˜
(N,M)
i )) (resp.
χq(L(Ψ˜
(M)
i ))) such that
m(Ψ˜
(N,M)
i )
−1 ∈ Z[Ai,qr ]i∈I,r<M .
Lemma 4.9. We have:
χ<Mq (L(Ψ˜
(N,M)
i )) = [Ψ˜
(N,M)
i ]
∑
0≤r≤−N+1
(Ai,1Ai,q−2i
· · ·A
i,q
−2(r−1)
i
)−1,
χ<Mq (L(Ψ˜
(M)
i )) = [Ψ˜
(M)
i ]χi,1.
Remark 4.3. The first formula proves a particular case of [HL2, Conjecture 7.15]. 
Proof. For the first formula, note that L(Ψ˜
(N,M)
i ) is a subquotient of
L(Ψ˜
(N,0)
i )⊗ L(Ψ˜
(0,M)
i ),
where we set
Ψ˜
(0,M)
i = Ψ˜
(N,M)
i (Ψ˜
(N,0)
i )
−1.
Here L(Ψ˜
(N,0)
i ) is a KR-module and L(Ψ˜
(0,M)
i ) is a tensor product of KR-modules which
is also simple (we can argue as in [H1, Proposition 5.3]). Then it is proved in [H1, Lemma
4.4] that Ψ˜
(0,M)
i is the only ℓ-weight in χq(L(Ψ˜
(0,M)
i )) which may occur in χ
<M
q (L(Ψ˜
(0,M)
i ));
that is,
χ<Mq (L(Ψ˜
(0,M)
i )) = [Ψ˜
(0,M)
i ].
Consequently the ℓ-weights occurring in χ<Mq (L(Ψ˜
(N,M)
i )) are of the form
Ψ˜
(N,M)
i Ψ
where (Ψ˜
(0,M)
i )
−1Ψ is an ℓ-weight occurring in χq(L(Ψ˜
(N,0)
i )). As L(Ψ
(N,0)
i ) is a KR mod-
ules, it is proved in [H1, Section 4] that its q-character can be computed by using the
algorithm introduced in [FM, Section 5.5]. We also have precise information on the mono-
mials occurring in ts q-character in [H1, Lemma 5.5]. In particular, we have the following:
suppose that Ψ is not of the form
(Ai,1Ai,q−2i
· · ·A
i,q
−2(r−1)
i
)−1 for some 0 ≤ r ≤ −N + 1,
that is it is not in the set denoted by B′ in [H1, Lemma 5.5]. Then there is an ℓ-weight Ψ′
occurring in χ<Mq (L(Ψ˜
(N,M)
i )) whose weight is of the form −rαi−αj for some 0 ≤ r ≤ −N+1
and some j ∼ i (in [H1, Lemma 5.5] this is stated with j 6= i, but the Frenkel-Mukhin
algorithm mentioned above gives immediately that necessarily j ∼ i). Let r minimal with
this property. There is α ∈ Z such that
Ψ˜
(N,M)
i (Ai,1Ai,q−2i
· · ·A
i,q
−2(r−1)
i
)−1A−1j,qα
occurs as an ℓ-weight in χq(L(Ψ˜
(N,M)
i )). But such an ℓ-weight satisfies exactly the hy-
pothesis of [H2, Theorem 5.1] which gives sufficient conditions so that a monomial do not
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occur in the q-character of a simple module (here the i in [H2, Theorem 5.1] is j, m is
Ψ˜
(N,M)
i (Ai,1Ai,q−2i
· · ·A
i,q
−2(r−1)
i
)−1A−1j,qα and M is mAj,qα up to a constant ℓ-weight multi-
ple). Hence we get a contradiction.
For the second formula, it follows from [HJ, Theorem 6.1] generalized in [HL2, Theorem
7.6] that we can take the limit N → −∞, that is [Ψ˜
(N,M)
i ]
−1χ<Mq (L(Ψ˜
(N,M)
i )) converges to
[Ψ˜
(M)
i ]
−1χ<Mq (L(Ψ˜
(M)
i )) as a formal power series in the A
−1
j,b . 
Consider the partial ordering  is defined on Eℓ so that χ  χ
′ if the coefficients of χ are
lower than those of χ′.
Lemma 4.10. We have χq(Xi,1)  [Ψ˜i,1]χi,1
∏
j 6=i χ
−Ci,j
j .
Proof. Xi,1 is a subquotient of
L(Ψ˜
(M)
i )⊗ L(Ψ˜i,1(Ψ˜
(M)
i )
−1).
By Theorem 4.7, L(Ψ˜i,1(Ψ˜
(M)
i )
−1) is a simple tensor product of positive prefundamental
representations and
χq(L(Ψ˜i,1(Ψ˜
(M)
i )
−1)) = [Ψ˜i,1(Ψ˜
(M)
i )
−1]
∏
j 6=i
χ
−Ci,j
j .
This implies
[Ψ˜
−1
i,1 ]χq(Xi,1)  [Ψ˜
−1
i,1 ]χq(L(Ψ˜
(M)
i ))χq(L(Ψ˜i,1(Ψ˜
(M)
i )
−1))
= [(Ψ˜
(M)
i )
−1]χq(L(Ψ˜
(M)
i ))
∏
j 6=i
χ
−Ci,j
j .
This is true for any M > 0. For each ℓ-weight Ψ in the left term, there is M such that no
A−1j,qr with r ≥ M occurs as a factor in Ψ. So this ℓ-weight Ψ occurs only in the product
with the truncated q-character
[(Ψ˜
(M)
i )
−1]χ<Mq (L(Ψ˜
(M)
i ))
∏
j 6=i
χ
−Ci,j
j = χi,1
∏
j 6=i
χ
−Ci,j
j .

To conclude, we prove
Lemma 4.11. We have χq(Xi,1)  [Ψ˜i,1χi,1]
∏
j 6=i χ
−Ci,j
j .
Proof. Consider the representation
Xi,1 ⊗ L(Ψ˜
−1
i,1Ψ
−1
i,1 ).
It admits L(Ψ−1i,1 ) as a simple constituent. By Theorem 4.7, L(Ψ˜
−1
i,1Ψ
−1
i,1 ) is a tensor product
of negative prefundamental representations. Let Ψ′ be an ℓ-weight occurring in
χi,1  Ψi,1χq(L(Ψ
−1
i,1 )).
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Hence by (ii) in Theorem 4.4, Ψ′ is a product MΨ˜
−1
i,1 where M is an ℓ-weight of χq(Xi,1).
We get
χq(Xi,1)  [Ψ˜i,1]χi,1.
Note that for Ψ′ an ℓ-weight in χi,1, the product Ψi,1Ψ˜i,1Ψ
′ is a monomial in the Ψj,a.
So by Theorem 4.7 and (i) in Theorem 4.4, L(Ψi,1Ψ˜i,1Ψ
′) is a simple tensor products of
positive prefundamental representations and
χq(L(Ψi,1Ψ˜i,1Ψ
′)) = [Ψi,1Ψ˜i,1Ψ
′]χi
∏
j 6=i
χ
−Ci,j
j .
Hence these simple modules are simple constituents of
[Xi,1 ⊗ L
+
i,1],
that is
[Ψi,1]χiχq(Xi,1) = χq(Xi,1)χq(L
+
i,1)  χi,1[Ψi,1Ψ˜i,1]χi
∏
j 6=i
χ
−Ci,j
j ,
which implies the result. 
4.4. Completion of the proof of Theorem 3.2. We can now complete the proof of
Theorem 3.2.
Note that Ci,j < −1 implies ri = 1. It suffices to prove that ∏
j|Ci,j=−1
Ψj,a
 ∏
j|Ci,j=−2
Ψj,aq−1Ψj,aq
 ∏
j|Ci,j=−3
Ψj,aq−2Ψj,aΨj,aq2
χi,aq−1i
= [−αi]Ψi,aqiΨ
−1
i,aq−3i
 ∏
j|Ci,j=−1
Ψj,aq−2i
 ∏
j|Ci,j=−2
Ψj,aq−3Ψj,aq−1

×
 ∏
j|Ci,j=−3
Ψj,aq−4Ψj,aq−2Ψj,a
χi,aq−3i
+
 ∏
j|Ci,j=−1
Ψj,a
 ∏
j|Ci,j=−2
Ψj,aq−1Ψj,aq
 ∏
j|Ci,j=−3
Ψj,aq−2Ψj,aΨj,aq2
 ,
that is
χi,aq−1i
= 1 + [−αi]Ψi,aqiΨ
−1
i,aq−3i
χi,aq−3i
(4.14) ×
 ∏
j|Ci,j=−1
Ψ−1j,aΨj,aq−2i
 ∏
j|Ci,j=−2
Ψ−1j,aqΨj,aq−3
 ∏
j|Ci,j=−3
Ψ−1
j,aq2
Ψj,aq−4
 .
Note that Ai,aq−1i
[−αi]Ψ
−1
i,aqi
Ψi,aq−3i
is equal to ∏
j|Cj,i=−1
Ψj,aq−ri−rjΨ
−1
j,aqrj−ri
 ∏
j|Cj,i=−2
Ψj,aq−ri−2Ψ
−1
j,aq2−ri

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×
 ∏
j|Cj,i=−3
Ψj,aq−ri−3Ψ
−1
j,aq3−ri
 .
This is exactly the last factor in Equation (4.14):
if rj = 1, then Ci,j = −1 and both factors are equal to Ψ
−1
j,aΨj,aq−2i
.
if rj = 2 and ri = 1, then Ci,j = −2, Cj,i = −1 and both factors are equal toΨ
−1
j,aqΨj,aq−3 .
if rj = ri = 2, then Ci,j = Cj,i = −1 and both factors are equal to Ψ
−1
j,aΨj,aq−4 .
if rj = 3 and ri = 1, then Ci,j = −3, Cj,i = −1 and both factors are equal toΨ
−1
j,aq2
Ψj,aq−4 .
We get the desired result because
χi,aq−1i
= 1 +A−1
i,aq−1i
χi,aq−3i
.

5. Bethe Ansatz
We now derive the Bethe Ansatz equations from the QQ˜-system (3.8), following [MRV1,
MRV2]. We focus of the case of untwisted affine algebras, but one can obtain the Bethe
Ansatz equations for the twisted affine algebras from the QQ˜-system (3.9) in a similar way.
Suppose that we have an action of the commutative algebra K0(O) on a vector space
V , and let v be one of its joint eigenvectors. Then we obtain an algebra homomorphism
from K0(O) to C. Let us denote the values of the elements Qi,u and Q˜i,u of K0(O) under
this homomorphism by Qi(u) and Q˜i(u), respectively. Depending on the space V , these
functions will have different analytic properties.
In addition, under any homomorphism from K0(O) to C, we have[
±
αi
2
]
7→ v±1i
for some vi ∈ C
×, for all i ∈ I. (Note that what we denoted by vi in [FH] corresponds to v
2
i
here; however, that vi was a formal variable in [FH], whereas here it is a non-zero complex
number.)
The relations in (3.2) then give rise to algebraic relations between these functions:
(5.15) viQi(uq
−1
i )Q˜i(uqi)− v
−1
i Qi(uqi)Q˜i(uq
−1
i )
=
 ∏
j|Ci,j=−1
Qj(u)
 ∏
j|Ci,j=−2
Qj(uq
−1)Qj(uq)
 ∏
j|Ci,j=−3
Qj(uq
−2)Qj(u)Qj(uq
2)
 .
Now suppose that w is a zero of Qi(u) that is not a zero of Q˜i(u) and that the terms in
formula (5.15) have no poles when u = wq±1i (we will refer to this as a genericity condition).
Substituting u = wq±1i into (5.15) and taking the ratio of the resulting equations, we obtain:
(5.16) v−2i
∏
j∈I
Qj(wq
Bij )
Qj(wq−Bij )
= −1,
where (Bij) is the symmetrized Cartan matrix, Bij = (αi, αj). These are the Bethe Ansatz
equations.
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Thus, under the genericity condition, the zeros of Qi(u) must satisfy the Bethe Ansatz
equations (5.16).
In Section 5.6 of [FH] (see also Section 6 of [FR]) we obtained these equations in the case
that V is the tensor product of irreducible finite-dimensional representations of Uq(ĝ) and
the action of K0(O) on V is obtained using the standard transfer-matrix construction.
If we switch to the dual category O∗, so that Qi,u becomes [R
+
i,u], as explained in Remark
3.2,(iii), then the corresponding Bethe Ansatz equation (5.16) is equivalent to formula (5.8)
of [FH] (note that an overall minus sign is missing in that formula). This case is special
in that for a given V , any eigenvalue of the transfer-matrix of R+i,a on V has the form
Qi(u) = fi(u)Qi(u), where fi(u) is a universal factor that depends only on V and i, and
Qi(u) is a polynomial (this is an analogue of the Baxter polynomial). Thus, the analytic
behavior of Qi(u) has a very special form in this case.
Though we did not prove it in [FH], we do expect that the eigenvalues of the transfer-
matrix of L+i,u have the same general form as those of the transfer-matrix of R
+
i,u. If this
is indeed the case, then equations (5.8) of [FH] may also be viewed as the equations on
the zeros of the generalized Baxter polynomials occurring in the eigenvalues of the transfer-
matrix of L+i,u on V .
However, the derivation of the Bethe Ansatz equations presented in [FH] (following the
analytic Bethe Ansatz method [R1, R2, R3, BR, KS1]) is much less direct than the derivation
presented in this section. Indeed, the argument of [FH] started with the formula expressing
the eigenvalues of the transfer-matrix of a finite-dimensional representation W of Uq(ĝ) in
terms of the eigenvalues of the transfer-matrices of R+i,u (or L
+
i,u), see Theorem 5.11 of [FH]
(these are the analogues of Baxter’s TQ-relation). If we make a specific assumption about
how poles get canceled in this formula (namely, that the cancellation happens between the
terms in the formula corresponding to the monomials M andMA−1i,aqi from the q-character),
then we obtain the above Bethe Ansatz equations (5.16), see Section 5.8 of [FH] for details.
In contrast, in our present argument we immediately get the Bethe Ansatz equations under
a mild genericity condition.
The non-local quantum KdV Hamiltonians give us (conjecturally, see Section 7.2 below)
another way to construct an action of K0(O), as explained in Section 7. In this case, V
is a graded component in a representation of a W-algebra associated to g; for example, a
Fock representation. Under the same genericity condition, the zeros of the corresponding
eigenvalues Qi(u) satisfy Bethe Ansatz equations (5.16) (with specific values of vi). Note
that for ŝl2 this was shown in [BLZ5] using the quantum Wronskian relation, to which the
QQ˜-system reduces in the case of ŝl2 (see Section 3.2). In this case, the function Q1(u) is
expected to be an entire function of u, see [BLZ4, BLZ5].
We close this section with two remarks. First, the Bethe Ansatz equations (5.16) can
be derived, in a similar fashion, from the QQ∗-system of [HL2] (see Section 3.4), under an
assumption that is similar to the above genericity condition.
Second, for the quantum gl1 toroidal algebra, a system of relations in K0(O) was estab-
lished in [FJMM]. It could be viewed as an analogue of the QQ∗-system of [HL2] (for the
analogue of the QQ˜-system, see Section 3.5 above). In [FJMM], Bethe Ansatz equations
were derived from that system in a similar fashion. However, the authors of [FJMM] went
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a step further: they proved that the analogue of the above genericity assumption is in fact
not necessary. This gives us hope that the genericity assumption can be dropped in the
affine case as well, for both the QQ∗-system and the QQ˜-system.
Finally, we can derive the Bethe Ansatz equations of [FJMM] from the QQ˜-system for the
quantum gl1 toroidal algebra from Section 3.5, under the genericity assumption. Namely,
if w is a zero of Q(z) which is not a zero of Q˜(z), then we get the following Bethe Ansatz
equation:
Q(wq1)Q(wq2)Q(wq3) + [α]Q(wq
−1
1 )Q(wq
−1
2 )Q(wq
−1
3 ) = 0.
It coincides with the Bethe Ansatz equation obtained in a different way in [FJMM].
6. Classical KdV system
In the rest of this paper, we discuss the affine opers that should encode the eigenvalues
of the quantum ĝ-KdV Hamiltonians according to the conjecture of [FF5]. We start by
recalling the definition of the classical KdV systems and opers.
6.1. Drinfeld–Sokolov reduction and opers. The phase space of the classical ĝ-KdV
system is obtained from a certain space of first order differential operators by Hamiltonian
reduction, which is called the Drinfeld–Sokolov reduction [DS]. We will first discuss the
case of an untwisted affine algebra ĝ, by which we mean the universal central extension of
the formal loop algebra g((t)):
0 −→ C1 −→ ĝ −→ g((t)) −→ 0
(we are slightly abusing notation here, because in our discussion of the quantum affine
algebras ĝ stands for the Laurent polynomial version). The commutation relations read:
[1, A(t)] = 0 and
[A(t), B(t)] = [A(t), B(t)] − Rest=0 κ0(A(t), dB(t)),
where κ0 is the invariant inner product on g normalized in the standard way, so that the
square length of the maximal root is equal to 2.
Consider the space of differential operators
(6.17) ∂t +A(t), A(t) ∈ g((t)),
The inner product
〈A(t), B(t)〉 = Rest=0 κ0(A(t), B(t))dt
enables us to identify g((t)) with its dual space. It is known (see, e.g., [FB], Ch. 16.4) that
under this identification, the space of differential operators (6.17) may be identified with a
hyperplane in the dual space to ĝ that consists of all linear functionals on ĝ taking value
1 on the central element 1. The standard Kirillov–Kostant Poisson structure on the dual
space to ĝ restricts to a Poisson structure on the hyperplane. So do the coadjoint actions
of the group G((t)) and its Lie algebra g((t)), and when written in terms of the operators
(6.17), they become the gauge actions of G((t)) and g((t)), respectively.
Fix the Cartan decomposition
g = n+ ⊕ h⊕ n−,
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where n+ and n− are the upper and lower nilpotent subalgebras of g, respectively, and h is
the Cartan subalgebra. The above inner product on g((t)) identifies the dual space to n+((t))
with n−((t)). Let fi, i = 1, . . . , n, be generators of n− corresponding to negative simple roots
of g. Consider the Hamiltonian reduction of the space of the operators (6.17) with respect
to the gauge (that is, coadjoint, hence Poisson) action of the Lie algebra n+((t)) and its
character (that is, a one-point coadjoint orbit in n−((t))) corresponding to the element
(6.18) p−1 =
n∑
i=1
fi ∈ n− ⊂ n−((t)) = n+((t))
∗.
This is the Drinfeld–Sokolov reduction [DS].
The reduced phase space of the Drinfeld–Sokolov reduction is therefore the quotient of
the space M˜(ĝ) of operators of the form
(6.19) ∂t + p−1 + v(t), v(t) ∈ b+((t)),
where b+ = h ⊕ n+ is the Borel subalgebra of g, under the gauge action of the loop group
N+((t)).
According to [DS], the action of N+((t)) on M˜(g) is free. The resulting quotient space
M(g) = M˜(g)/N+((t))
is called the space of g-opers on the punctured discD× = SpecC((t)) (for a general curve, the
space of g-opers has also been defined by Beilinson and Drinfeld [BD1, BD2]). The Poisson
algebra of local functionals on M(g) is known as the classical W-algebra. We denote it by
W(g).
For example, for g = sl2 we have
p−1 = f1 =
(
0 0
1 0
)
,
and so M(sl2) is the quotient of the space of operators of the form
∂t +
(
a(t) b(t)
1 −a(t)
)
, a(t), b(t) ∈ C((t)),
by the upper triangular gauge transformations depending on t. It is easy to see that each
gauge equivalence class contains a unique operator of the form
∂t +
(
0 v(t)
1 0
)
, v(t) ∈ C((t)),
and hence we may identify M(sl2) with the space of such operators, or, equivalently, with
the space of second order differential operators
∂2t − v(t), v(t) ∈ C((t)).
Likewise, the space M(slr) may be identified with the space of nth order differential
operators
∂rt − v1(t)∂
r−2
t + . . .+ (−1)
rvr−2(t)∂t − (−1)
rvr−1(t).
In a similar way, for Lie algebras of types B and C one can identify g-opers with self-
adjoint and anti-self adjoint scalar differential operators, and for type D, pseudo-differential
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operators of a special kind [DS]. However, there is no such uniform identification for a
general Lie algebra g. The best we can do in general is to choose special representatives
in the N+((t))-gauge equivalence classes on the space of operators of the form (6.19) in the
following way.
Recall the element p−1 ∈ n− given by formula (6.18). There exists a unique element of
n+ of the form
p1 =
n∑
i=1
ciei, ci ∈ C,
where ei, i = 1, . . . , n, are generators of n+, such that p1, p−1, and p0 = [p1, p−1] form
an sl2 triple. The element
1
2p0 ∈ h then defines the principal grading on g such that
deg p1 = 1,deg p−1 = −1. Let
Vcan =
⊕
i∈E
Vcan,i
be the space of ad p1-invariants in n+, decomposed according to the principal grading. Here
E = {d1, . . . , dn}
is the set of exponents of g. Then p1 spans Vcan,1. Choose a linear generator pj of Vcan,dj (if
the multiplicity of dj is greater than one, which happens only in the case ĝ = D
(1)
2n , dj = 2n,
then we choose linearly independent vectors in Vcan,dj). The following result is due to
Drinfeld and Sokolov [DS] (see also [BD1, BD2]).
Lemma 6.1. The gauge action of N+((t)) on the space M˜(g) is free, and each gauge equiv-
alence class contains a unique operator of the form ∂t + p−1 + v(t), where v(t) ∈ Vcan((t)),
so that we can write
(6.20) v(t) =
n∑
j=1
vj(t) · pj , vj(t) ∈ C((t)).
Thus, each point of the reduced phase space M(g) of the Drinfeld–Sokolov reduction is
canonically represented by an operator ∂t + p−1 + v(t), where v(t) is of the form (6.20).
6.2. Spectral parameter. Now we insert the “spectral parameter” z into our operators.
This means that we go from g to g((z−1)), and from g((t)) to g((z−1))((t)). Let
f0 = eθz ∈ g((z
−1)), where eθ ∈ n+ ⊂ g
is a non-zero element in the one-dimensional weight subspace of the nilpotent subalgebra
n+ of g corresponding to the maximal root (this is a highest weight vector in the adjoint
representation of g). For instance, if g = slr, we can take as eθ the matrix with 1 in the
upper right corner and 0 in all other places.
Note that fi, i = 0, . . . , n, are the generators of the lower nilpotent subalgebra n˜− of
g((z−1)), which consists of all elements of g[z] whose value at z = 0 is in n− ⊂ g. Therefore,
p−1 =
n∑
i=0
fi
may be viewed as a “principal nilpotent element” of n˜−.
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Now we shift the operators (6.17) by f0 = eθz. We then obtain the following operators:
(6.21) ∂t +A(t) + eθz, A(t) ∈ g((t)),
Since f0 = eθz is stable under the action of N+((t)), this shift does not change the gauge
action of N+((t)). Therefore, we can identify the reduced phase space M(g) of the Drinfeld–
Sokolov reduction with the quotient of the space M˜(g) of operators of the form
(6.22) ∂t + p−1 + v(t), v(t) ∈ b+((t)),
by the gauge action of the loop group N+((t)).
According to Lemma 6.1, each gauge equivalence class contains a unique operator of the
form
(6.23) ∂t + p−1 + v(t), v(t) ∈ Vcan((t)).
We will denote this quotient by M(ĝ). It is isomorphic to the space M(g), but its elements
are differential operators with “spectral parameter” z that we need to construct the ĝ-KdV
Hamiltonians.
For example, M(ŝl2) is the quotient of the space of operators of the form
∂t +
(
a(t) b(t) + z
1 −a(t)
)
, a(t), b(t) ∈ C((t)),
by the upper triangular gauge transformations depending on t (but not on z). Each gauge
equivalence class contains a unique operator of the form
∂t +
(
0 v(t) + z
1 0
)
, v(t) ∈ C((t)),
and hence we may identify M(ŝl2) with the space of such operators, or, equivalently, with
the space of second order differential operators with spectral parameter
∂2t − v(t)− z, v(t) ∈ C((t)).
Likewise, the space M(ŝlr) may be identified with the space of nth order differential
operators with spectral parameter
∂rt − v1(t)∂
r−2
t + . . .+ (−1)
rvn−2(t)∂t − (−1)
rvr−1(t)− (−1)
rz.
The reason why inserting the spectral parameter is important is that after we do that
we can define the ĝ-KdV Hamiltonians. These are Poisson commuting functions (more
properly, functionals) on the reduced phase space M(ĝ) = M(g). There are two types of
ĝ-KdV Hamiltonians: local and non-local, and they are both constructed using the formal
monodromy matrix of the operators (6.19) specialized to different representations of g.
Because our operators now depend on z, the monodromy matrix depends on z as well, and
this enables us to take the coefficients of its expansion.
More precisely, let MV (z) ∈ G be the monodromy matrix of the operator (6.21) special-
ized to an irreducible representation V of g (see Section 3.2 of [FF5] for the precise defini-
tion). For any g-invariant function ϕ on V the corresponding function H˜ϕ(z) = ϕ(MV (z))
on M˜(ĝ) is invariant under the gauge action of N+((t)) and hence gives rise to a well-defined
function Hϕ(z) on the quotient M(ĝ).
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The asymptotic expansion of Hϕ(z) at z =∞ yields the local ĝ-KdV Hamiltonians, which
generate the ĝ-KdV hierarchy of commuting Hamiltonian flows on the Poisson manifold
M(ĝ) (see [DS]). These Hamiltonians have the form
(6.24) Hs =
∫
Ps(vj(t), v
′
j(t), . . .)dt, s = di +Nh, N ∈ Z+,
where di ∈ E is an exponent of ĝ and h is the Coxeter number. The integrand Ps is a
differential polynomial of degree s+ 1, where we set deg v
(m)
j = dj +m+ 1.
On the other hand, the z-expansion of Hϕ(z) at z = 0 yields Poisson commuting non-local
ĝ-KdV Hamiltonians.
Poisson commutativity of these Hamiltonians is easily proved from the commutativity of
the functions Hϕ(z) (see, for example, [RS1, RSF, RS2]).
6.3. Miura transformation. A convenient way to compute the higher order terms in
the z-expansion of ϕ(MV (z)) is to realize the variables of the KdV hierarchy in terms of
the variables of the modified KdV (mKdV) hierarchy. This provides a kind of “free field
realization,” also known as the Miura transformation, for the commuting Hamiltonians.
Consider the space M(ĝ) of operators of the form
(6.25) ∂t + p−1 + u(t), u(t) ∈ h((t)).
The natural map M(ĝ) → M(ĝ) given by the composition of the inclusion M(ĝ) → M˜(ĝ)
and the projection M˜(ĝ) → M(ĝ) is called the Miura transformation (see [DS]). It is a
Poisson map with respect to the Heisenberg–Poisson structure on M(ĝ) and the Drinfeld–
Sokolov Poisson structure on M(ĝ). Therefore it gives rise to an embedding of the classical
W-algebra W(g) into the Heisenberg–Poisson algebra of functions on M(ĝ).
Because the operator (6.25) has such a simple structure, it is easier to compute the
monodromy matrix MV (z), and hence the functions ϕ(MV (z)), for it rather than for the
operators of the form (6.22). The coefficients of the asymptotic expansion of the function
ϕ(MV (z)) are the local Hamiltonians of the modified KdV (or mKdV) hierarchy associated
to ĝ. They are connected to the above ĝ-KdV Hamiltonians by the Miura transformation.
On the other hand, the coefficients in the z-expansion of ϕ(MV (z)) are the non-local ĝ-
mKdV Hamiltonians.
For example, in the case when g = sl2 the operator (6.25) has the form
∂t +
(
u(t) z
1 −u(t)
)
.
The coefficients in the z-expansion of the trace of the monodromy of this operator are
written down explicitly in [BLZ1]. They are given by multiple integrals of exp(±2φ(t)),
where φ(t) is the anti-derivative of u(t), that is, u(t) = φ′(t) (these are classical screening
operators, see [FF4]).
Similar formulas may be obtained for other affine Kac–Moody algebras.
6.4. Twisted affine algebras. Finally, we consider the case of a twisted affine Kac–Moody
algebra ĝ. We recall that it is constructed from a finite-dimensional simple Lie algebra g′
whose Dynkin diagram has an automorphism of order r = 2 or 3. Using the Cartan
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generators of g′, we obtain an automorphism of g′ of the same order denoted by σ. The Lie
algebra g′ decomposes into a direct sum of eigenspaces of σ:
g′ =
⊕
i∈Z/rZ
g′
i
,
where g′
0
is the simple Lie algebra corresponding to the quotient of the Dynkin diagram of
g′ by the action of the automorphism. The twisted affine Kac–Moody algebra ĝ is defined
as the universal central extension of the twisted loop algebra Lσg, which is the completion
of the Lie algebra ⊕
n∈Z
g′n ⊗ z
n
in g′((z−1)).
Let fi, i = 1, . . . , n, be the generators of the lower nilpotent subalgebra of g
′
0
, and f0 =
eθ0z, where eθ0 is a non-zero generator of the one-dimensional highest weight subspace of
the g0-module g1 (this is the twisted affine algebra analogue of the element eθz). We denote
its weight (from the point of view of the Cartan subalgebra of g′0) by θ0. The element
p−1 =
n∑
i=0
fi
is then the “principal nilpotent element” of the twisted affine Kac–Moody algebra ĝ. There-
fore the analogues of the operators (6.22) are the operators of the form
(6.26) ∂t + p−1 + v(t), v(t) ∈ b0,+((t)),
where b0,+ = b
′
+∩ g
′
0
is the Borel subalgebra of g′
0
. We denote the space of operators (6.26)
by M˜(ĝ).
Next, we take the quotient of the space M˜(ĝ) by the gauge action of the loop group
N0,+((t)), where N0,+ is the unipotent Lie group corresponding to the Lie algebra n0,+ =
n′+ ∩ g
′
0
.
Since f0 is invariant under the action of N0,+((t)), we can remove f0 from (6.26) (in the
same way as in the untwisted case); that is, we can replace p−1 by the element p−1 =
∑n
i=1 fi
of g′
0
. The resulting space consists of the operators of the form
(6.27) ∂t + p−1 + v(t), v(t) ∈ b0,+((t))
and hence coincides with the space M˜(g′
0
) that we considered in Section 6.1 when we dis-
cussed the untwisted case. Therefore the quotient of M˜(ĝ) by the gauge action of N0,+((t))
is nothing but the reduced space M(g′
0
) arising in the Drinfeld–Sokolov reduction of the
untwisted affine algebra ĝ′0 which is the central extension of the loop algebra g
′
0
((z−1)).
The reduced phase space is therefore the same as the one which we get in the case of the
untwisted affine algebra ĝ′0, and so the corresponding Poisson algebra is nothing but the
classical W-algebra W(g′
0
).
However, we now insert the spectral parameter differently, by shifting our operators by
eθ0z (rather than eθz). Then, using Lemma 6.1, we can realize the space M(g
′
0
) as the space
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of differential operators of the form
(6.28) ∂t + p−1 + eθ0z + v(t), v(t) ∈ Vcan((t)).
That is to say, we “insert” the element f0 = eθ0z ∈ g
′
1
z of the twisted loop algebra Lσg
′
rather than the element eθz ∈ g
′
0
z of the untwisted loop algebra g0((z
−1)) (see formula
(6.23)).
We then construct the invariants of the monodromy matrices for these operators in the
same way as in the untwisted case. Note, however, that these monodromy matrices are dif-
ferent from the monodromy matrices for the operators (6.23) corresponding to the untwisted
affine algebra ĝ′
0
, even though both may be viewed as functionals on the same reduced phase
space M(g′
0
). The expansions of the invariants of the monodromy matrices at z = ∞ and
z = 0 give rise to the local and non-local classical Hamiltonians, respectively, for the KdV
system corresponding to the twisted affine algebra ĝ we started with. These Hamiltonians
are different from the those defined for the operators (6.23) corresponding to the untwisted
affine algebra ĝ′
0
, even though in both cases they are functionals on the same reduced phase
space M(g′
0
).
7. Quantum KdV system
7.1. Local Hamiltonians. KdV Hamiltonians can be quantized. First, let’s consider the
problem of quantization of the classical local ĝ-KdV Hamiltonians. They are Poisson com-
muting elements of the classical W-algebra W(g); namely, the Poisson algebra of local
functionals on the space M(ĝ) discussed in the previous section. It has been shown in [FF4]
that W(g) can be quantized; that is, there exists a one-parameter associative algebra Wβ(g)
whose limit as β → 0 is a commutative algebra with a natural Poisson structure that is iso-
morphic to W(g). For example, Wβ(sl2) is a completed enveloping algebra of the Virasoro
algebra.
More precisely, in [FF4] it was shown that Wβ(g) may be defined as a subalgebra in a
Heisenberg algebra. Here by “Heisenberg algebra” we mean a completion of the universal
enveloping algebra of the Heisenberg Lie subalgebra ĥ of ĝ (central extension of the formal
loop algebra h((t))) in which the central element is identified with the identity. The W-
algebra Wβ(g) is defined for generic β (i.e., such that β
2 is not a rational number) as
the intersection of the kernels of the so-called screening operators, which depend on β,
associated to the simple roots of g (see [FF4, Section 4.6] or [FB, Section 15.4.11]). The
resulting algebra is then extended to all complex values of β. This implies, in particular,
that each Fock representation πµ of ĥ (where µ ∈ h
∗ is the highest weight) is naturally a
module over Wβ(g). In fact, Wβ(g) is first defined as a vertex subalgebra of the Heisenberg
vertex algebra π0, and then as an associative algebra corresponding to this vertex algebra
(see [FF4] and [FB, Chapter 15]).
In the limit β → 0 we obtain an embedding of W(g) (viewed as a Heiseberg–Poisson
algebra) into the Heisenberg–Poisson algebra of functions on the space M(ĝ) discussed in
the previous section. This embedding is induced by the Miura transformationM(ĝ)→M(ĝ)
discussed in the previous section. Thus, the embedding of the quantum W-algebra Wβ(g)
into the Heisenberg algebra may be viewed as a quantization of the Miura transformation.
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Alternatively, the quantum W-algebra Wβ(g) may be defined via the quantum Drinfeld–
Sokolov reduction, see [FF2, FF3] and [FB, Chapter 15] (the equivalence between the two
constructions of Wβ(g) is discussed in [FB, Chapter 15.4]).
Now, by a quantization of local ĝ-KdV Hamiltonians we understand a commutative
subalgebra of Wβ(g) whose limit as β → 0 is the Poisson commutative subalgebra of W(g)
generated by the classical local KdV Hamilnonians (6.24). (If ĝ is a twisted affine algebra,
then by g we mean here the Lie algebra g′
0
, as in the previous section.) The existence of this
quantization is a non-trivial statement, which has been proved in [FF4]. Local quantum ĝ-
KdV Hamiltonians are elements Ĥs of this commutative subalgebra which are quantizations
of the Hs given by formula (6.24) in the sense that Ĥs tends to Hs when β → 0, if we rescale
the generators of Wβ(g) in the appropriate way (see [FF4] for details).
If we apply the quantum Miura transformation to the local quantum ĝ-KdV Hamiltonians
Ĥs, we obtain the corresponding local quantum ĝ-mKdV Hamiltonians. Those may also be
viewed as quantum integrals of motion of the affine Toda field theory associated to ĝ. The
latter is equivalent to saying that they commute with the screening operators associated to
the simple roots of ĝ (see [FF4] for details).
The commutative algebra of local quantum ĝ-KdV Hamiltonians acts on any module over
Wβ(g) on which the eigenvalues of the Virasoro operator L0 are “bounded from below” (that
is, the set of these eigenvalues is the union of the sets of the form γ + Z+, γ ∈ C). We will
refer to such modules as highest weight modules. In particular, we can consider their action
on the Fock representations πµ, µ ∈ h
∗.
After passing to the periodic coordinate ϕ such that z = eiϕ, we obtain a commuting
algebra of quantum Hamiltonians which includes the Virasoro operator L0. Thus, all local
quantum Hamiltonians are homogeneous of degree 0 with respect to the grading defined by
L0, and so they preserve the homogeneous components of highest weight modules. In the
case of Fock representations πµ these components are finite-dimensional. It is natural to
ask what are the spectra of the local quantum ĝ-KdV Hamiltonians on these components.
This problem naturally arises in the study of deformations of conformal field theories with
W-algebra symmetry [Z, EY, KM, FF4]. However, it proved to be elusive for general β,
because we do not have much structure on the commutative algebra generated by the local
quantum KdV Hamiltonians.
7.2. Non-local Hamiltonians. A breakthrough in the study of the quantum KdV system
was made by Bazhanov, Lukyanov, and Zamolodchikov in a series of papers starting with
[BLZ1], in which a procedure for quantization of the non-local classical KdV Hamiltonians
was developed. We recall from the previous section that those can be obtained from the
traces of the monodromy matrix of the first order differential operators (6.25) (taken in the
Miura form) with spectral parameter z, expanded as a power series near z = 0.
The quantum non-local ĝ-KdV Hamiltonians were introduced in [BLZ1] in the case of
ĝ = ŝl2 and in [BHK] in the case of g = ŝl3. As noted in [BHK], the latter construction
generalizes in a straightforward way to other affine algebras ĝ.
These non-local Hamiltonians are defined as elements of the completed Heisenberg al-
gebra acting on the Fock representations πµ for µ ∈ h
∗. More precisely, according to the
construction of [BLZ1, BHK], for each finite-dimensional representation V of Uq(ĝ), one
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defines a generating series of commuting non-local Hamiltonians TV,n by the formula
(7.29) TV (z) =
∑
n≥0
TV,nz
n = TrV (z)(e
πiP·h L).
Here L is the operator obtained from the reduced universal R-matrix of Uq(ĝ), which is an
element of a completion of the tensor product Uq(n̂+)⊗Uq(n̂−), by mapping the first factor
to EndV (z) and the second factor to End⊕πµ using the screening operators corresponding
to the simple roots of ĝ (they satisfy the Serre relations of Uq(n̂−)), and
P · h =
n∑
j=1
Pjhj.
Here {hj} is a basis in h and {P
j} is the dual basis in h with respect to the inner product on
h obtained by restricting the normalized invariant inner product κ0 on g (see Section 6.1).
The elements hj are defined so that Kj = q
hj are the standard Drinfeld-Jimbo generators
of Uq(g) ⊂ Uq(ĝ), where
q = eπiβ
2
The hj ’s act on V . On the other hand, the elements P
j are elements of the constant Cartan
subalgebra h in the Heisenberg algebra ĥ. They act on the Fock representation πµ according
to the formula Pj 7→ µ(Pj) Id.
Note that this TV (z) may be viewed as a quantum analogue of the monodromy matrix
MV (z), see Section 6.2.
The claim of [BLZ1, BHK] is that the formal power series TV (z) commute with each
other:
[TV (z), TW (w)] = 0
for any finite-dimensional representations V and W of Uq(ĝ). They also commute with
the local quantum ĝ-KdV Hamiltonians. Technically, this is proved in [BLZ1, BHK] for
g = sl2 and sl3, but the proof generalizes to other simple Lie algebras. Alternatively, these
statements can be proved [FFS] using the methods of [FF4] (see Sects. 3.3 and 5.3 of [FF5]
for an outline).
Furthermore, it follows from the construction that
TV⊕W (z) = TV (z) + TW (z), TV⊗W (z) = TV (z)TW (z).
Thus, we obtain an action of the commutative algebra K0(C), where C is the category of
finite-dimensional representations of Uq(ĝ) (see Section 2.3), by endomorphisms of the Fock
representation πµ for any µ ∈ h
∗.
All of the non-local Hamiltonians TV,n are homogeneous endomorphisms of πµ of degree
0 with respect to the grading by the Virasoro operator L0 (which is in fact the simplest
local quantum KdV Hamiltonian). Therefore we obtain an action of K0(C) on each finite-
dimensional graded component of πµ. This action of non-local quantum ĝ-KdV Hamilto-
nians commutes with the action of the local quantum ĝ-KdV Hamiltonians, and so these
Hamiltonians have common eigenvectors. Furthermore, according to [BLZ1, BHK, BLZ5],
the eigenvalues of the local Hamiltonians can be recovered from the eigenvalues of the non-
local ones as coefficients of their asymptotic expansions. Therefore it makes sense to replace
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the question of describing the spectra of the local ĝ-KdV Hamiltonians with the question
of describing the joint eigenvalues of the non-local Hamiltonians. We now have a lot of
additional structure because, by construction, these Hamiltonians correspond to elements
of the algebra K0(C) and therefore they must satisfy the relations in this algebra, such as
the T -system satisfied by the classes of the KR modules (see [H1, IIKNS] and references
therein).
Bazhanov, Lukyanov, and Zamolodchikov then made an additional step of generalizing
this construction to infinite-dimensional representations of Uq(b̂+). Indeed, formula (7.29)
only requires V to be a representation of Uq(b̂+), and hence we can take as V a representation
from the category O (see Section 2.2). For instance, we can take V = L+i,a. Then, in the case
g = sl2, if we denote TV (z) by Q(z), we obtain the Baxter relation linking Q(z) and TW (z),
where W is the two-dimensional fundamental representation. In fact, it is in this context
that the representations L+i,a were discovered in [BLZ2, BLZ3] and [BHK] for g = sl2 and
sl3 (in [Ko] this construction was generalized to the case of slr).
However, if V is infinite-dimensional, then we need to address the convergence of the
trace over V . A priori, it is not clear that the trace over V , and hence TV (z) given by
formula (7.29), is well-defined. One way to approach this question is to use the term eπiP·h
in formula (7.29), which acts on πµ as exp(πi
∑
j µ(P
j)hj). If we denote e
πiµ(Pj ) by uj ,
we can express the trace as a power series in the uj . Then the trace will make sense as a
formal power series in the uj , j = 1, . . . , n. This is similar to the approach taken in [FH].
However, in applications to quantum field theories (such as conformal field theories and their
deformations), one needs to consider the uj as specific numbers. Then the convergence of
the trace could become problematic. Nevertheless, it is natural to conjecture that the series
will converge for generic values of uj – that is, for generic µ ∈ h
∗. We formulate this as the
following
Conjecture 7.1. For generic µ ∈ h∗, there is an action of the commutative algebra K0(O)
on the Fock representation πµ of ĥ which commutes with the local quantum ĝ-KdV Hamil-
tonians (including the operator L0).
7.3. Connection to the QQ˜-system. Conjecture 7.1 means that for any relation in
K0(O), the joint eigenvalues of the corresponding non-local ĝ-KdV Hamiltonians will sat-
isfy this relation for any joint eigenvector in πµ for generic µ ∈ h
∗. In particular, each
joint eigenvector of the non-local ĝ-KdV Hamiltonians should give rise to a solution of the
QQ˜-system (5.15) with q = eπiβ
2
and the corresponding Bethe Ansatz equations (5.16)
(provided that the genericity assumption of Section 5 holds).
In the case g = sl2, the QQ˜-system reduces to the quantum Wronskian relation of [BLZ2,
BLZ3, BLZ5], and in the case g = sl3 the QQ˜-system reduces to relations considered in
[BHK] (see Section 3.2 for more details). However, for general simple Lie algebras the
QQ˜-system has not previously been considered as a relation on the spectra of the non-local
ĝ-KdV Hamiltonians. Using the QQ˜-system in the study of non-local ĝ-KdV Hamiltonians
has the important advantage that we can use the results of [MRV1, MRV2], where it was
shown that solutions of the same QQ˜-system naturally arises from the Lĝ-opers that were
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proposed in [FF5] as the parameters for the spectra of the non-local ĝ-KdV Hamiltonians.
We will discuss these affine opers in detail in the next section.
7.4. Langlands duality of the spectra of quantum KdV Hamiltonians. We recall
the Langlands duality of quantum W-algebras established in [FF3] (see [FF4, Section 4.8.1]
or [FB, Section 15.4.15] for an exposition):
Wβ(g) ≃Wβˇ(
Lg),
where Lg is the Langlands dual Lie algebra to g and
(7.30) βˇ = −(rˇ)1/2/β,
rˇ being the maximal number of edges connecting the vertices of the Dynkin diagram of g
(so rˇ = 1 for simply-laced g; rˇ = 2 for g of types Bn, Cn, and F4; and rˇ = 3 for g = G2).
The proof follows from the fact that for generic β the kernels of the screening operators
corresponding to simple roots of g and parameter β are equal to the kernels of the screening
operators corresponding to the simple roots of Lg and parameter βˇ. This implies the above
isomorphism for all β.
Since the local quantum ĝ-KdV Hamiltonians are defined as elements in the intersection of
the kernels of the screening operators corresponding to the simple roots of g and parameter
β, by using the same argument, we identify for generic β the commutative algebra of local
quantum ĝ-KdV Hamiltonians and the commutative algebra of local quantum Lĝ-KdV
Hamiltonians (see the end of [FF4, Section 4.8.1]).
Furthermore, recall from Section 7.2 that the non-local quantum ĝ-KdV Hamiltonians are
defined [BLZ5, BHK] using the the screening operators corresponding to the simple roots
of ĝ and parameter β. Since the latter essentially commute with the screening operators
corresponding to the simple roots of Lĝ and parameter βˇ, it is natural to expect that the
non-local quantum ĝ-KdV Hamiltonians commute with the non-local quantum Lĝ-KdV
Hamiltonians (we use the normalized inner product on h to identify h∗ with (Lh)∗ = h, so
that the ĝ- and Lĝ-KdV Hamiltonians act on the same Fock representations). This has been
stated in [BLZ2] in the case ĝ = ŝl2 (see formula (2.26)). We formulate this as a conjecture
in general. (Note that since the local quantum ĝ- and Lĝ-KdV Hamiltonians coincide, they
automatically commute with the non-local quantum ĝ- and Lĝ-KdV Hamiltonians.)
Conjecture 7.2. The action of the non-local quantum ĝ-KdV Hamiltonians on a Fock
representation πµ, µ ∈ h
∗, commutes with the action of the non-local quantum Lĝ-KdV
Hamiltonians.
This implies that using joint eigenvectors of the non-local quantum ĝ- and Lĝ-KdV Hamil-
tonians in πµ, µ ∈ h
∗, we obtain a surprising correspondence between solutions of the QQ˜-
systems (as well as other equations stemming from K0(O) such as the QQ
∗-system of [HL2],
see Section 3.4) for Uq(ĝ) and Uqˇ(
Lĝ), where
(7.31) q = eπiβ
2
, qˇ = eπiβˇ
2
= eπirˇ/β
2
.
This correspondence (or duality) deserves further study.
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8. Spectra of the quantum KdV Hamiltonians
In [FF5], it was conjectured that the spectra of the quantum ĝ-KdV Hamiltonians can
be parametrized by Lĝ-affine opers of special kind. This conjecture was motivated by the
results of [BLZ5] in the case of ŝl2 and an analogy between the quantum ĝ-KdV system and
the Gaudin model associated to a simple Lie algebra g, in which case the joint eigenvalues
of the commuting Hamiltonians are known to be parametrized by Lg-opers. We refer the
reader to [FF5] (especially, Sections 4.4, 5.4, and 5.5) for the explanation of this analogy.
The general definition of a ĝ-affine oper was given in Section 4.1 of [FF5], inspired by the
work of Drinfeld and Sokolov [DS] and Beilinson and Drinfeld [BD1, BD2]. Here we review
the ĝ-opers that are related to the joint eigenvalues of the ĝ-KdV Hamiltonians according
to the conjecture of [FF5].
8.1. The case of ŝl2. The ŝl2-opers that appear here are gauge equivalence classes of the
first order differential operators on P1, equipped with a coordinate z, with values in the Lie
algebra Cd⋉ sl2((λ)), where d = λ∂λ, of the form
∂z +
(
a(z) b(z) + λ
1 −a(z)
)
+
k
z
d, k ∈ C,
(where a(z) and b(z) are rational functions in z) under the action of the group N+-valued
rational functions in z, where N+ is the upper unipotent subgroup of SL2.
Each gauge equivalence class contains a unique operator of the form
(8.32) ∂z +
(
0 v(z) + λ
1 0
)
+
k
z
d,
and the operators relevant to the spectra of the quantum KdV Hamiltonians are the ones
with
(8.33) v(z) =
r(r + 1)
z2
+
1
z
1− m∑
j=1
k
wj
+ m∑
j=1
2
(z −wj)2
+
m∑
j=1
k
wj
1
z − wj
,
such that the coefficients vj,k in the expansion of v(z) in z − wj satisfy the equations
(8.34)
1
4
(
k
wj
)3
−
k
wj
vj,0 + vj,1 = 0, j = 1, . . . ,m.
As explained in Section 4.4 of [FF5], this is the condition that the solutions of the differential
equation corresponding to the operator (8.32) have no monodromy around the singular
points wj .
As in [FF5], applying gauge transformation by zkd, we can eliminate the term
k
z
d from
(8.32) obtaining the operator
(8.35) ∂z +
(
0 v(z) + λzk
1 0
)
,
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which is equivalent to the following second order differential operator with spectral param-
eter:
(8.36) ∂2z −
1
z
1− m∑
j=1
k
wj
− r(r + 1)
z2
−
m∑
j=1
2
(z − wj)2
−
m∑
j=1
k
wj
1
z − wj
− λzk.
Again, the equations (8.34) are equivalent to the condition that this operator has no mon-
odromy around wj , j = 1, . . . ,m, and therefore no monodromy on P
1, except around the
points 0 and ∞, for all values of λ. This operator also has regular singularity at z = 0 and
the mildest possible irregular singularity at z =∞ (indeed, the restriction of (8.36) to the
punctured disc at the point z = ∞ has the form ∂2s − v˜(s), where v˜(s) = 1/s
3 + . . . with
respect to the local coordinate s = z−1 at ∞).
According to the proposal of [FF5], for generic r and k the differential operators (8.36)
should encode the common eigenvalues of the quantum KdV Hamiltonians on the irreducible
highest weight module over the Virasoro algebra with the central charge
(8.37) ck = 1−
6(k + 1)2
k + 2
and highest weight (with respect to the operator L0)
(8.38) ∆r,k =
(2r + 1)2 − (k + 1)2
4(k + 2)
This “numerology” is explained as follows: the Virasoro algebra can be obtained by the
Drinfeld–Sokolov reduction (with respect to n−((t))) from the affine Kac–Moody algebra of
level k has central charge ck (see [FF1]). Further, the Drinfeld–Sokolov reduction of the
irreducible ŝl2-module with highest weight λ = 2r (“spin” r) and level k is the irreducible
module over the Virasoro algebra with the highest weight ∆r,k (provided that k− λ 6∈ Z+);
see [FF1]. The number m of poles of the ŝl2-oper on P
1\{0,∞} should be equal to the
L0-degree of the corresponding eigenvector. By that we mean that it should occur in the
subspace in the irreducible module with highest weight ∆r,k on which L0 acts by of ∆r,k+m.
Note that in general, some of the poles wj may coalesce, see Section 5.5 of [FF5].
8.2. Change of variables. The advantage of formula (8.36) is that it is clearly linked, via
a gauge transformation, to an affine oper (8.33). However, the disadvantage of (8.36) is
that the spectral parameter λ appears not by itself but multiplied with zk. To fix that, we
make a change of variables z 7→ x, where
z =
x2α+2
(2α + 2)2
and
α = −
k + 1
k + 2
(we assume that k 6= −2). We note that this α is related to the parameter β discussed in
Section 7 by the formula
(8.39) α+ 1 =
1
β2
.
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Recall (see, e.g., [FB], Ch. 8.2) that the general transformation formula for a second
order operator (also known as a projective connection) of the form
∂2z − v(z) : Ω
−1/2 → Ω3/2
(we need to consider our second order operators as acting from Ω−1/2 to Ω3/2 to ensure that
their property of having the principal symbol 1 and subprincipal symbol 0 is coordinate-
independent) under the change of variables z = ϕ(x) is
(8.40) v(z) 7→ v(ϕ(x))
(
ϕ′
)2
−
1
2
{ϕ, x},
where
(8.41) {ϕ, x} =
ϕ′′′
ϕ′
−
3
2
(
ϕ′′
ϕ′
)2
is the Schwarzian derivative of ϕ.
Applying the change of variables z 7→ x to the operator (8.36), we obtain the operator
(8.42) ∂2x −
ℓ(ℓ+ 1)
x2
− x2α + 2
d2
dx2
m∑
j=1
log(x2α+2 − zj) + E,
where
ℓ(ℓ+ 1) = 4(α+ 1)2r(r + 1) + α2 + 2α+
3
4
= 4(α+ 1)∆r,k + α
2 −
1
4
,
so that we have
∆r,k = ∆(ℓ, α) =
(2ℓ+ 1)2 − 4α2
16(α + 1)
,
and
zj = (2α + 2)
2wj ,
E = −(2α + 2)
2α
α+1λ.
The operator (8.42) has the spectral parameter E (which is obtained by rescaling λ) without
any additional factors, so that (8.42) looks like a typical Schro¨dinger operator with a spectral
parameter (the price to pay for this is that this operator is multivalued with respect to the
coordinate x).
As shown in [FF5], the operators (8.42) coincide with the Schro¨dinger operators in [BLZ5]
(formula (1))3 parametrizing the spectra of the quantum KdV Hamiltonians on the irre-
ducible module over the Virasoro algebra with highest weight ∆(α, ℓ) and central charge
c(α) = ck = 1− 6
α2
α+ 1
Moreover, as explained above, our condition (8.34) means that the operator (8.42) has no
monodromy around the points zj for all E. This condition is equivalent to the algebraic
equations given by formula (3) in [BLZ5].
3Note that what we denote by ℓ here coincides with ℓ of [BLZ5] but was denoted by ℓ˜ in [FF5], whereas
what we denote by r here was denoted by ℓ in [FF5].
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In particular, the oper associated to the highest weight vector (corresponding to m = 0)
is given by the formula
∂2x −
ℓ(ℓ+ 1)
x2
− x2α + E,
or in the matrix form
∂x +
 ℓx x2α − E
1 −
ℓ
x
 .
We note that for generic ℓ and k the above irreducible module over the Virasoro algebra is
isomorphic to the Verma module and the Fock representation πµ with µ = (2ℓ+1)(α+1)/4.
8.3. The case of ŝlr. Next, we consider the case of ĝ = ŝlr. In this case the Langlands
dual Lie algebra Lĝ is also ŝlr. We consider ŝlr-opers on P
1 which are the gauge equivalence
classes of differential operators with values in Cd⋉ slr((λ)), where d = λ∂λ, of the form
∂z +

∗ ∗ ∗ · · · ∗+ λ
1 ∗ ∗ · · · ∗
0 1 ∗ · · · ∗
...
. . .
. . . · · ·
...
0 0 · · · 1 ∗
+
k
z
d
(where each ∗ stands for a rational function on P1) under the action of the group of N+-
valued rational functions on P1 where N+ is the upper unipotent subgroup of SLr.
Each gauge equivalence class contains a unique operator of the form
(8.43) ∂z +

0 v1(z) v2(z) · · · vr−1(z) + λ
1 0 0 · · · 0
0 1 0 · · · 0
...
. . .
. . . · · ·
...
0 0 · · · 1 0
+
k
z
d.
After the gauge transformation by zkd, we can eliminate the last term at the cost of multi-
plying λ by zk:
(8.44) ∂z +

0 v1(z) v2(z) · · · vr−1(z) + z
kλ
1 0 0 · · · 0
0 1 0 · · · 0
...
. . .
. . . · · ·
...
0 0 · · · 1 0
 .
The last operator is equivalent to the rth order scalar differential operator with spectral
parameter:
(8.45) ∂rz − v1(z)∂
r−2
z + . . .+ (−1)
rvr−2(z)∂z − (−1)
rvr−1(z)− (−1)
rzkλ,
acting from Ω−(r−1)/2 to Ω(r+1)/2. This determines the transformation properties of these
operators under the changes of coordinate z; in particular, this ensures that the property
SPECTRA OF QUANTUM KDV HAMILTONIANS, LANGLANDS DUALITY, AND AFFINE OPERS 41
that their principal symbol is 1 and the subprincipal symbol is 0 is preserved by the changes
of coordinate.
As conjectured in [FF5], the operators (8.45) that are relevant to the spectra of the
quantum ŝlr-KdV Hamiltonians are those in which the functions vi(z) is a rational function
in z with poles at z = 0,∞, and finitely many other points wj , j = 1, . . . ,m. They satisfy
the following properties:
(1) At z =∞, the operator (8.45) has the mildest possible irregular singularity; namely, we
have
v˜i(s) ∼
c˜i
si+1
+ . . . , r = 1, . . . , r − 2;
v˜r−1(s) ∼
(−1)r
sr+1
+ . . . ,
where v˜i(s) are the coefficients of the operator obtained from (8.45) by the change of vari-
ables z 7→ s = z−1. By rescaling the coordinate z we can make the leading coefficient of
v˜r−1(s) to be equal to any non-zero number; we choose that number to be (−1)
r.
(2) At z = 0, the operator (8.45) has regular singularity, that is
vi(z) ∼
ci(ν)
zi+1
+ . . . ,
where the coefficients ci(ν) are determined by the highest weight ν of the ŝlr-module Lν,k.
Namely, representing ν as (ν1, . . . , νr), where νi ∈ C and
∑r
i=1 νi = 0, we find the ci(ν)’s
from the following formula:
(8.46) ∂rz +
r−1∑
i=1
(−1)i
ci(ν)
zi+1
∂r−i−1z =
(
∂z −
ν1
z
)
. . .
(
∂z −
νr
z
)
.
(3) At the points wj, the operator (8.45) has regular singularity,
vi(z) ∼
ci(θ)
(z − wj)i+1
+ . . . ,
where θ = (1, 0 . . . , 0,−1) is the maximal root of slr, which is the highest weight of its adjoint
representation. In addition, we require that the operator (8.45) has trivial monodromy
around the point wj for each j = 1, . . . ,m, and all λ.
The proposal of [FF5] is that the rth order differential operators of this kind should
correspond to the common eigenvalues of the quantum ŝlr-KdV Hamiltonians on the sub-
space of L0-degree m in the generic irreducible module over the W-algebra obtained by the
quantum Drinfeld–Sokolov reduction (with respect to n−((t))) of the irreducible ŝlr-module
Lν,k of generic highest weight ν ∈ h
∗ and level k. The central charge of this module is
ck = r − 1− r(r
2 − 1)
(k + r − 1)2
k + r
.
Note that for generic ν and k this irreducible module over the W-algebra is isomorphic to
the Verma module and the Fock representation πµ with appropriate µ ∈ h
∗.
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In order to obtain a stand-alone spectral parameter, we apply the change of variables
z 7→ x, where
z =
xrα+r
(rα+ r)r
and
α = −
k + r − 1
k + r
.
The dependence of the central charge on α is
c(α) = ck = r − 1− r(r
2 − 1)
α2
α + 1
.
It is easy to see that under this change of variables the irregular term z−r+1 in the last
summand vr−1 of our differential operator becomes the term x
rα, and the term λxk gives
rise to the new spectral parameter term −E, where
E = −(rα+ r)
rα
α+1λ,
which is independent of x (the sign is just a matter of normalization). The poles of the new
operator will be at the points x = 0,∞ and xrα+r = zj , j = 1, . . . ,m, where
zj = (rα+ r)
rwj .
In particular, the ŝlr-oper corresponding to the highest weight vector may be written in
the following way:
(8.47) ∂x + p−1 +
ν
x
+ (xrα − E)eθ,
where p−1 =
r−1∑
i=1
fi, the sum of the generators of the lower nilpotent subalgebra of slr (fi
is the matrix having 1 in the ith place below the diagonal, and 0 everywhere else), and eθ
is a generator of the maximal root subspace (the matrix having 1 in the upper right corner
and 0 everywhere else).
If we re-write these opers as rth order differential operators, we obtain the differential
operators of [BHK, DDT1, DMST]. They correspond to the highest weight vectors of the
representations of W-algebras.
8.4. General simply-laced case. Let g be a simply-laced simple Lie algebra (that is,
of ADE type). Then Lg = g and Lĝ = ĝ. If g is of classical type (A or D), then we can
realize the corresponding affine opers as scalar (pseudo)differential operators, following [DS].
It is therefore possible to describe those of them that encode the spectra of the quantum
Hamiltonians of the ĝ-KdV system in a way that is similar to the case of ŝlr (see the Section
8.3). And in fact, in the special case that there are no singular points other than 0 and ∞
(this is the case of the highest weight vector), after a change of variables one obtains the
(pseudo)differential operators proposed in [BHK, DDT1, DMST] (see [DDT2] for a survey).
We can generalize these operators by including extra singular points wj on P
1, as in the
case of ŝlr (see above).
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However, in order to describe these affine opers for an arbitrary affine Kac–Moody algebra
ĝ (including the case of non-simply laced ĝ dicussed below), we need to define ĝ-affine opers
as gauge equivalence classes of first order ĝ-valued differential operators (as in Section 4.1
of [FF5]).
Recall a basis {p1, . . . , pn} of the canonical slice Vcan ⊂ n+ ⊂ g, as introduced in Section
6.1 and Lemma 6.1. We will also use the elements p−1 =
∑n
i=1 fi and f0 = eθλ of ĝ. These
are the same elements as those introduced in 6.4 except that now we use the variable λ
instead of z (z is reserved for the spectral parameter of the KdV system and appears here
as the coordinate on P1 on which the affine opers are defined), and we take the completion
in Laurent power series in λ rather than in z−1 (the reason for this is explained in Section
4.1 of [FF5]).
The ĝ-opers (or equivalently, Lĝ-opers) that parametrize the common eigenvalues of the
ĝ-KdV Hamiltonians are Cd⋉ ĝ-valued differential operators of the form
(8.48) ∂z + p−1 + (z
−h∨+1 + λ)eθ +
n∑
i=1
vi(z) · pi +
k
z
d,
where each vi(z) is a rational function on P
1 with poles at z = 0,∞, and finitely many other
points wj , j = 1, . . . ,m.
Here we denote by h∨ the dual Coxeter number of ĝ, which coincides with the Coxeter
number of ĝ if g is simply-laced.
As before, applying the gauge transformation by zkd to the operator (8.48), we eliminate
the last term at the cost of multiplying λ by zk:
(8.49) ∂z + p−1 + (z
−h∨+1 + zkλ)eθ +
n∑
i=1
vi(z) · pi.
Recall that the quantum ĝ-KdV Hamiltonians act on the irreducible module over the W-
algebra associated to g obtained by the quantum Drinfeld–Sokolov reduction (with respect
to n−((t))) [FF1, FF2] from the irreducible module Lν,k over ĝ with highest weight ν and level
k (such a module is isomorphic to the Fock representation πµ with appropriate µ ∈ h
∗). The
proposal of [FF5] is that for generic ν and k, the common eigenvalues of these Hamiltonians
are encoded by the ĝ-opers (equivalently, Lĝ-opers) (8.49) satisfying the following properties:
(1) At z =∞, the operator (8.49) has the mildest possible irregular singularity. The terms
vi(z) are regular:
v˜i(s) ∼
c˜i
sdi+1
+ . . . , i = 1, . . . , ℓ,
where v˜i(s) are the coefficients of the operator obtained from (8.49) by the change of
variables z 7→ s = z−1. But the term z−h
∨+1eθ creates an irregular singularity term
(−1)h
∨
s−h
∨−1eθ.
(2) At z = 0, the operator (8.49) has regular singularity, that is
vi(z) ∼
ci(ν)
zdi+1
+ . . . ,
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where ν ∈ h∗ ≃ h and the ci(ν) are determined by the following rule: the element
p−1 +
n∑
i=1
(
ci(ν) +
1
4
δi,1
)
pi
is the unique element in the Kostant slice of regular elements of g,
p−1 + v, v ∈ b,
which is conjugate to p−1 − ν (see [F2], Section 9.1).
Here we use the identification of h∗ and h (so ν ∈ h∗ becomes an element of h ⊂ b)
provided by the restriction of the invariant inner product on g normalized so that the
square length of each root is equal to 2.
(3) At the points wj, the operator (8.49) has regular singularity, and for all i = 1, . . . , ℓ,
vi(z) ∼
ci(θ)
(z − wj)di+1
+ . . . ,
where θ is the maximal root of g. In addition, we require trivial monodromy around the
point wj for each j = 1, . . . ,m, and all λ.
As before, the number m should correspond to the L0-degree of the corresponding eigen-
vector.
8.5. Change of variables: general case. Next, we make a change of variables so as to
make the spectral parameter appear independently of the coordinate:
(8.50) z =
xh
∨(α+1)
(h∨(α+ 1))h∨
where
α = −
k + h∨ − 1
k + h∨
.
When we make this change, we find that p−1, pi, and eθ all get multiplied by
dz
dx
=
xh
∨(α+1)−1
(h∨(α+ 1))h∨−1
.
In order to bring the operator to the oper form ∂x + p−1 + . . ., we then need to apply a
gauge transformation by an element of the Cartan subgroup H.
Recall the weight ρ ∈ h∗, the half-sum of positive roots. We have
〈ρ, α∨i 〉 = 1, i = 1, . . . , n.
Here we view ρ as a coweight of h identified with h∗ as above, via a normalized invariant inner
product. Therefore, ρ gives rise to a homomorphism (one-parameter subgroup) C× → H,
the Cartan subgroup of the simply-connected Lie group G with the Lie algebra g. We will
denote this one-parameter subgroup by ρ. It acts as follows:
ρ(a) · p−1 = a
−1p−1, ρ(a) · pi = a
dipi, i = 1, . . . , n,
and
ρ(a) · eθ = a
h∨−1eθ.
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Let us apply the gauge transformation by
ρ(x)h
∨(α+1)−1
ρ(h∨(α + 1))h∨−1
.
As the result we get back p−1, and the coefficient z
kλeθ becomes −Eeθ, where
E = −(h∨(α+ 1))h
∨ α
α+1λ,
which is a pure spectral parameter, independent of x (due to the identity kh∨(α + 1) +
h∨(h∨(α+1)− 1) = 0). In addition, the term z−h
∨+1eθ becomes x
h∨α (that was the reason
for including the coefficient (h∨(α+ 1))−h
∨
in the coordinate change from z to x).
The singularities at z = wj become singularities at x
h∨(α+1) = zj, where
zj = (h
∨(α+ 1))h
∨
wj.
The oper (8.49) now takes the form
(8.51) ∂z + p−1 + (x
h∨α −E)eθ +
n∑
i=1
vi(x) · pi,
where
v1(x) = v1(ϕ(x))(ϕ
′)2 −
1
2
{ϕ, x},
vi(x) = vi(ϕ(x))(ϕ
′)di+1, i > 1,
and ϕ(x) is the function on the right hand side of formula (8.50) (see [F2], Section 4.2.4).
In the case m = 0, the Lĝ-oper corresponding to the highest weight vector may be written
in the form
(8.52) ∂x + p−1 +
ν
x
+ (xh
∨α − E)eθ,
where ν ∈ h∗ = Lh.
8.6. The non-simply laced case. Let us recall that to each affine Dynkin diagram we
can associate an affine Kac–Moody algebra. We are interested in its quotient by the central
element. In the untwisted case, this is the semi-direct product of d = λ∂λ and the universal
central extension of g((λ)), where g is a simple Lie algebra. In the twisted case, it is the
semi-direct product of d = λ∂λ and the universal central extension of the twisted loop
algebra Lσg
′, defined as in Section 6.4, except that the loop variable is now denoted by λ
rather than z, and we take the completion in formal power series in λ rather than in z−1.
Given an affine Kac–Moody algebra ĝ associated to a Dynkin diagram Γ̂, we define its
Langlands dual as the affine Kac–Moody algebra Lĝ associated to the dual Dynkin diagram
LΓ̂ which is obtained from Γ̂ by reversing all arrows. The dual of Lĝ is of course ĝ itself.
Note that if we remove the 0th nodes from the Dynkin diagrams Γ̂ and LΓ̂, we obtain the
Dynkin diagrams of two simple Lie algebras that are Langlands dual to each other. These
are the degree zero Lie subalgebras of ĝ and Lĝ with respect to the grading defined by d.
We denote them by g and Lg.
If ĝ is the untwisted Kac–Moody algebra associated to a simply-laced simple Lie algebra
g, then Lĝ = ĝ. This is the case we have just discussed. However, if ĝ is the untwisted
46 EDWARD FRENKEL AND DAVID HERNANDEZ
Kac–Moody algebra associated to a non-simply laced simple Lie algebra g, then Lĝ is a
twisted affine Kac–Moody algebra. In this case the Dynkin diagram of Lg is the quotient of
the Dynkin diagram of a simply-laced Lie algebra g′ by an automorphism of order r∨ = 2 or
3, and Lĝ is the corresponding twisted affine algebra of type g′(r
∨) (see Section 6.4). Note
that in this case Lg = g′0, the σ-invariant part of g
′, where σ is an outer automorphism of
g′ of order r∨ corresponding to the automorphism of the Dynkin diagram of g′.
Here we consider the case that g is non-simply laced, and so Lĝ is a twisted affine Kac–
Moody algebra. The conjecture of [FF5] is that the joint eigenvalues of the quantum ĝ-KdV
Hamiltonians are encoded by the Lĝ-affine opers, and so the relevant finite-dimensional Lie
algebra is Lg. Hence we consider the basis {p1, . . . , pn} of the canonical slice Vcan of
Lg rather
than g (see Section 6.1 and Lemma 6.1). We will also use the elements p−1 =
∑n
i=1 fi and
f0 of
Lĝ. The latter is now equal to f0 = eθ0λ, where eθ0 is a highest weight vector of the
Lg-module g′1, the eigenspace of σ with the eigenvalue e
2πi/r∨ (see Section 6.4).
It is natural to generalize formula (8.48) to this case as follows:
(8.53) ∂z + p−1 + (z
−h∨+1 + λ)eθ0 + v(z) +
k
z
d.
However, as D. Masoero and A. Raimondo pointed out to us, this formula requires a
further justification since the operator (8.53) does not, on the face of it, take values in Lĝ if
ĝ is non-simply laced. Indeed, according to the definition of the twisted affine Kac–Moody
algebras (see Section 6.4), the λ0-part of an element of Lĝ should be in Lg = g′0, and the
λ1-part should be in g′1. But in formula (8.53), we have the λ
0-term z−h
∨+1eθ0 , which is in
g′1.
In order to make sense of formula (8.53) in the non-simply laced case, we recall the notion
of twisted opers introduced by B. Gross and one of the authors in [FG], Section 5.1.
The idea is to make the automorphism σ act on both the Lie algebra g′ and the space on
which our differential operators are defined; that is, the projective line with the coordinate
z. We will view this P1 = P1z as an r
∨-sheeted cover of another projective line P1t with the
coordinate t such that zr
∨
= t. We define an automorphism σ˜ of P1z × g
′ by the formula
(z, g) 7→ (ze−2πi/r
∨
, σ(g)).
We then have a natural notion of a σ-twisted connection on P1t : namely, a σ˜-invariant
(meromorphic) connection on the trivial G′-bundle on P1z (it is automatically flat, since P
1
z
is one-dimensional as a complex manifold, so the flatness condition is vacuous),
(8.54) ∇ = d+A(z)dz,
where A(z)dz is a σ˜-invariant g′-valued one-form on P1z (and d is the de Rham differential
on P1z).
Furthermore, in [FG] the notion of a twisted oper was introduced, as a σ˜-invariant con-
nection (8.54) satisfying a natural generalization of the oper condition. Here’s an example
of a twisted oper constructed in [FG] (we use the notation of the present paper):
(8.55) d+ (p−1 + zeθ0)
dz
z
.
SPECTRA OF QUANTUM KDV HAMILTONIANS, LANGLANDS DUALITY, AND AFFINE OPERS 47
It is clear that the restriction of this operator to the formal disc around the point z = 0
can be viewed as an element of the dual space to the twisted affine Kac–Moody algebra Lĝ
(with respect to the coordinate z).
The difference between the twisted opers introduced in [FG], such as (8.55), and the
Lĝ-affine opers that we need here is that we have to incorporate the additional (formal)
variable λ. We do that as follows.
Given g′ and Lĝ as above, we define a Lĝ-affine oper on P1t (where, as above, t = z
1/r∨)
as an operator
(8.56) ∇ = d+A(z, λ)dz, A(z, λ) ∈
(
g′ ⊗ C(z)((λ))
)
⊕ (d⊗ C(z))
(note that we denote the element of the affine algebra λ∂λ by d to avoid any confusion with
the de Rham differential d), which are invariant under the action of the automorphism ˜˜σ:
(z, λ, g) 7→ (ze−2πi/r
∨
, λe−2πi/r
∨
, σ(g)), g ∈ g′.
Thus, in our definition of Lĝ-affine opers, the automorphism is given not only as σ on g′
and the map λ 7→ λe−2πi/r
∨
, but also the map z 7→ ze−2πi/r
∨
acting on the coordinate z of
P1z, on which the oper is defined.
Now we interpret our operator (8.53) as a Lĝ-affine oper in the sense of this definition. Let
us recall the element ρ ∈ h∗ defined in Section 8.4. Since we have a canonical isomorphism
h∗ ≃ Lh, we view ρ as an element of Lh. Therefore, ρ gives rise to a homomorphism
C× → LH, the Cartan subgroup of the simply-connected Lie group LG with the Lie algebra
Lg, and we have
ρ(a) · p−1 = a
−1p−1, ρ(a) · eθ0 = a
h∨−1eθ0 .
Applying the gauge transformation by ρ(z) to the operator (8.53) (and multiplying it by dz
in order to make it into a connection operator of the form (8.56)), we obtain
(8.57) d+
(
p−1 + (z + λz
h∨)eθ0 + v(z)
) dz
z
+ kd
dz
z
,
where v(z) = zρ(z) · v(z)− ρ. Finally, we apply the gauge transformation by zh
∨
d to bring
it to the following form:
(8.58) d+
(
p−1 + (z + λ)eθ0 + v(z)
) dz
z
+ (k + h∨)d
dz
z
Note that the resulting shift of k by the dual Coxeter number h∨ is akin to the shift of v(z)
by −ρ; in a sense, it properly centers the weights around the affine version of ρ (note that
the shift of v(z) is here by −ρ, rather than ρ, because of our convention that the generator
f0 is eθ0λ, rather than eθ0λ
−1 which leads to the multiplication of the weights by −1, so
that the “central” weight is ρ rather than the more traditional −ρ).
The connection (8.58) is ˜˜σ-invariant, and is indeed a Lĝ-oper, provided that
(8.59) v(z) = v(ze−2πi/r
∨
)
(in other words, v(z) really depends on t = zr
∨
).
Note that formula (8.58) makes perfect sense for any affine Kac–Moody algebra Lĝ and
can be taken as an alternative definition of the Lĝ-opers in the simply-laced case (in this
case, of course, σ is the identity, r∨ = 1, t = z, and we set θ0 = θ).
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As before, we can eliminate the last term in (8.58) by applying the gauge transformation
by z(k+h
∨)d. Then we obtain
(8.60) d+
(
p−1 + (z + λz
k+h∨)eθ0 + v(z)
) dz
z
.
By using an LN -valued gauge transformation, we can bring v(z) to the form
v(z) =
ℓ∑
i=1
vi(z)pi.
Now we list the conditions that the Lĝ-opers (8.60) should satisfy in order to encode
joint eigenvalues of the quantum KdV Hamiltonians. Note that these conditions are slightly
different from (and simpler than) the conditions listed in Section 8.4. This is in part because
in formula (8.60) we have the overall factor 1/z that creates a more convenient “gauge” for
our opers.
(0) v(z) should satisfy (8.59), and hence each vi(z) should satisfy the same invariance
property.
(1) At z =∞ (if we set λ = 0), the operator (8.49) should have the mildest possible irregular
singularity. The terms vi(z) are regular:
v˜i(s) ∼ −ci(ν + ρ) + . . . , i = 1, . . . , ℓ,
but the term eθ0dz creates an irregular singularity term −s
−2eθ0ds (here, as above, s = z
−1).
(2) At z = 0, the operator (8.49) should have regular singularity, that is
vi(z) ∼ ci(ν + ρ) + . . . ,
for some ν ∈ h∗ = Lh, where ci(µ) is determined by the following rule:
The element
p−1 +
ℓ∑
i=1
ci(µ)pi
is the unique element in the Kostant slice of regular elements of g, which is conjugate to
p−1 − µ (see [F2], Section 9.1).
(3) The vi(z) are allowed to have regular singularities at m · r
∨ points on C× ⊂ P1z,
w
(p)
j = wje
2πip/r∨ , j = 1, . . . ,m, p = 0, 1, r∨ − 1,
so that we have the following expansions in z − w
(p)
j :
vi(z) ∼ ci(θ0) + . . .
In addition, the connections (8.58) and (8.60) should have trivial monodromy around each
of the points w
(p)
j for all λ.
Thus, we see that the set of singular points (other than 0 and ∞) forms a union of r∨
families – orbits of the cyclic group Zr∨ naturally acting on P
1
z; that’s because we need v(z)
to be invariant under the action of this group. As before, the number m should correspond
to the L0-degree of the corresponding eigenvector of the ĝ-KdV Hamiltonians.
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We can make a change of variables (8.50) so as to make the spectral parameter appear
independently of the coordinate. All calculations of Section 8.5 apply in the same way as
in the simply-laced case.
8.7. QQ˜-system from affine opers. Let ĝ be an untwisted quantum affine algebra (simply-
laced or non-simply laced). In the papers [MRV1, MRV2] a solution of the QQ˜-system (5.15)
is assigned to the affine Lĝ-oper (8.52) for generic ν ∈ h∗ (note that our α corresponds toM
in [MRV1, MRV2], and our q corresponds to Ω−1/2 in [MRV1, MRV2]). This construction
generalizes earlier results [DT1, BLZ4, DT2, DDT1, BHK, S].
More precisely, for an untwisted affine Kac–Moody algebra ĝ, the authors of [MRV1,
MRV2] define n evaluation representations V (i), i = 1, . . . , n, of the affine algebra Lĝ (which
is twisted if g is not simply-laced) and study the first order linear differential equations
obtained from the operator (8.52) specialized in the representations V (i). They show that
each of these equations has a unique (properly normalized) solution that goes to 0 most
rapidly as x → +∞. Then they define Qi and Q˜i as the leading coefficients appearing
in the expansion of the above solutions near x = 0 (these functions may be viewed as
generalizations of the spectral determinants). Finally, they show that for generic ν ∈ h∗
these functions are entire functions of E which satisfy the QQ˜-system (5.15) (with E instead
of u and particular values of vi, i = 1, . . . , n). They obtain this system from a system of
equations satisfied by the above solutions (which they call the Ψ-system).
Now let us consider the case that ĝ is a twisted affine algebra. In this case Lĝ is untwisted
(unless ĝ = A
(2)
2n , in which case
Lĝ = A
(2)
2n as well). Note that this case was not considered
in [MRV1, MRV2]. However, it is natural to expect that using the construction of [MRV1,
MRV2], one can attach to the Lĝ-affine oper (8.52) a solution of the QQ˜-system (3.9)
associated to ĝ from Section 3.3. This leads us to the following conjecture.
Conjecture 8.1. Let ĝ be a twisted affine algebra. Then to any Lĝ-affine oper (8.52) with
generic ν one can attach a solution of the Uq(ĝ) QQ˜-system (3.9), with
[
±αi2
]
mapping to
some v±1i ∈ C
× depending on α and ν.
In this section, we have discussed the conjecture of [FF5] linking the eigenvectors (or,
equivalently, the spectra) of the ĝ-KdV Hamiltonians to Lĝ-affine opers on P1 with special
analytic behavior. Note that this conjecture was not based on a direct construction, but
rather on an analogy with the Gaudin model (the fact that the spectra of the g-Gaudin
model can be encoded by Lg-opers on P1 with special analytic behavior, see [FF5], especially
Sections 4.4, 5.4, and 5.5, for more details).
However, if the results of [MRV1, MRV2] (as well as Conjecture 8.1) could be generalized
to other Lĝ-opers discussed in this section, given by formulas (8.49) and (8.60), that we
expect to correspond to the excited states in the highest weight representations of W-
algebra, then, as we discussed in the Introduction, this would indeed open the possibility
of establishing a direct link between the spectra of quantum ĝ-KdV Hamiltonians and Lĝ-
opers.
In [FF5, Section 4], another quantum integrable system was discussed: the “shift of
argument” ĝ-Gaudin model, and its spectrum was also conjectured to be encoded by Lĝ-
affine opers on P1. These opers differ from the Lĝ-affine opers arising in the quantum ĝ-KdV
50 EDWARD FRENKEL AND DAVID HERNANDEZ
system in the way they behave near ∞ ∈ P1. Nevertheless, we expect that solutions of the
Uq(ĝ) QQ˜-system can be attached to these
Lĝ-affine opers as well. At the same time, the
joint eigenvalues of the quantum Hamiltonians of this ĝ-Gaudin model should satisfy the
same QQ˜-system for the same reason as in the quantum KdV case. Therefore, we again
expect that QQ˜-system would provide a link between between these joint eigenvalues and
the Lĝ-affine opers described in [FF5, Section 4].
8.8. Duality of affine opers. Let us recall that Conjecture 7.2 implies that there is a
correspondence between solutions of the QQ˜-systems (as well as other equations stemming
from K0(O) such as the QQ
∗-system of [HL2], see Section 3.4) for Uq(ĝ) and Uqˇ
Lĝ, where
q = eπiβ
2
, qˇ = eπirˇ/β
2
.
If that is true, then this should also hold on the side of affine opers. This means that there
should be a correspondence (or duality) between the Lĝ-opers of the form discussed in this
section with the parameter α, and ĝ-opers of the same form but with the parameter αˇ,
where
αˇ+ 1 =
1
rˇ(α+ 1)
(see formulas (7.30) and (8.39)). For ĝ = ŝlr, this duality was discussed in [DDT1].
8.9. Two appearances of opers. At first glance, it may appear that the conjecture of
[FF5] discussed in this section is not so surprising: after all, the phase space of the classical
KdV system is the space of opers. Why should we then be surprised that the spectra of the
quantum KdV Hamiltonians would be linked to opers as well? However, it is important to
realize that the two spaces of opers appearing here are quite different.
The phase space of the classical ĝ-KdV system is the space of g-opers (not ĝ-opers!) on a
circle, or a punctured disc (with coordinate t), see Section 6. We inserted a spectral param-
eter z into these g-opers in order to construct the Poisson commuting KdV Hamiltonians.
On the other hand, the spectra of the corresponding algebra of quantum ĝ-KdV Hamilto-
nians are conjecturally encoded by Lĝ-affine opers on the projective line P1 with coordinate
z (it is the same z as the spectral parameter in the classical story). So opers appear again,
but these are affine opers, and they are associated to the Langlands dual affine algebra Lĝ.
Therefore, a priori they have nothing to do with the g-opers appearing in the definition of
the classical KdV system (other than the fact that a coordinate on the space on which the
Lĝ-affine opers “live” is the spectral parameter of the g-opers).
For instance, in the case of sl2, the points of the phase space of the KdV system are
sl2-opers with spectral parameter (see Section 6.2)
∂2t − v(t)− z,
where t is a coordinate on a circle, or a punctured disc, and z is the spectral parameter.
The classical KdV Hamiltonians are constructed by expanding the monodromy matrix of
this operator, considered as function of z, near z = 0 (non-local) or z =∞ (local).
On the other hand, the ŝl2-opers that encode the eigenvalues of the quantum KdV Hamil-
tonians have the form (see Section 8.1)
∂2z − v(z)− λz
k,
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where z is the spectral parameter of the classical KdV system, which is now viewed as a
coordinate on P1, and v(z) is a meromorphic function on this P1 with poles at z = 0,∞,
and finitely many other points (see formula (8.36)). There is another spectral parameter
λ. When we make a change of variables z 7→ x, we obtain the differential operators of the
form (8.42) with the spectral parameter E.
For non-simply laced g, the difference between the two spaces is even more drastic because
of the appearance of the Langlands dual affine algebra Lĝ.
As argued in [FF5], the “quantum KdV – affine opers” duality may be viewed as a gen-
eralization of the duality observed in the generalized Gaudin quantum integrable systems,
in which the spectra of the quantum Hamiltonians in a model associated to a simple Lie
algebra g turn out to be encoded by Lg-opers [FFR, F1, FFT]. The latter is explained
by the isomorphism between the center of the completed enveloping algebra of ĝ at the
critical level and the algebra of functions on Lg-opers on the formal disc [FF3] (see [F2]
for an exposition). In other words, in order to understand the duality between spectra of
the generalized g-Gaudin systems and Lg-opers, we need to use the affinization of the Lie
algebra g: The “master algebra” lurking behind the generalized Gaudin quantum integral
systems is the center of the completed enveloping algebra of ĝ at the critical level, and the
fact that it is isomorphic to the algebra of functions on Lg-opers on the formal disc gives rise
to identifications of the spectra of the g-Gaudin Hamiltonians with Lg-opers of particular
kind.
Therefore it is natural to expect that in order to understand the “quantum KdV – affine
opers” duality we need to study the affinization of ĝ; that is to say, a toroidal algebra of g,
but the big open problem here is to figure out what is the analogue of the “critical level”
of ĝ and the corresponding center (see Section 7 of [FF5] for a discussion of this point). It
may well be that to do so, one needs to study the “gerbal representations” of the toroidal
algebra introduced in [FZ].
From this point of view, the “quantum KdV – affine opers” duality offers us glimpses
into the mysterious “critical level” structures arising in toroidal algebras.
References
[BHK] V.V. Bazhanov, A.N. Hibberd and S.M. Khoroshkin, Integrable structure of W3 conformal field
theory, quantum Boussinesq theory and boundary affine Toda theory, Nucl. Phys. B 622 (2002),
475–547.
[BLZ1] V. Bazhanov, S. Lukyanov and A. Zamolodchikov, Integrable structure of conformal field theory,
quantum KdV theory and thermodynamic Bethe Ansatz, Comm. Math. Phys. 177 (1996), 381–398.
[BLZ2] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field
theory. II. Q-operator and DDV equation, Comm. Math. Phys. 190 (1997), 247–278.
[BLZ3] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Integrable structure of conformal field
theory. III. The Yang-Baxter Relation, Comm. Math. Phys. 200 (1999), 297–324.
[BLZ4] V. Bazhanov, S. Lukyanov and A. Zamolodchikov, Spectral determinants for Schro¨dinger equation
and Q-operators of conformal field theory, J. Stat. Phys. 102 (2001), 567–576.
[BLZ5] V.V. Bazhanov, S.L. Lukyanov and A.B. Zamolodchikov, Higher-level eigenvalues of Q-operators
and Schrodinger equation, Adv. Theor. Math. Phys. 7 (2003), 711–725.
[BFLMS] V. V. Bazhanov, R. Frassek, T. Lukowski, C. Meneghelli and M. Staudacher, Baxter Q-Operators
and Representations of Yangians, Nucl. Phys. B 850 (2011), 148–174.
[BR] V.V. Bazhanov and N.Yu. Reshetikhin, Restricted solid on solid models connected with simply laced
Lie algebra, J. Phys. A 23 (1990), 1477–1492.
52 EDWARD FRENKEL AND DAVID HERNANDEZ
[Be] J. Beck, Braid group action and quantum affine algebras, Comm. Math. Phys. 165 (1994), 555–568.
[BD1] A. Beilinson and V. Drinfeld, Quantization of Hitchin’s integrable system and Hecke eigensheaves,
Preprint, available at www.math.uchicago.edu/∼arinkin/langlands
[BD2] A. Beilinson and V. Drinfeld, Opers, Preprint math.AG/0501398.
[CH] Chari V., Hernandez D.: Beyond Kirillov-Reshetikhin modules, In Quantum affine algebras, extended
affine Lie algebras, and their applications, Contemp. Math., 506, pp. 49–81, AMS Providence, 2010.
[CP] Chari V., Pressley A.: A guide to quantum groups, Cambridge University Press 1994.
[DMST] P. Dorey, C. Dunning, D. Masoero, J. Suzuki and R. Tateo, Pseudo-differential equations, and the
Bethe Ansatz for the classical Lie algebras, Nuclear Phys. B772 (2007), 249–289.
[DDT1] P. Dorey, C. Dunning and R. Tateo, Differential equations for general SU(n) Bethe ansatz systems,
J. Phys. A33 (2000), 8427–8442.
[DDT2] P. Dorey, C. Dunning and R. Tateo, The ODE/IM Correspondence, J.Phys. A40 (2007), R205.
[DT1] P. Dorey and R. Tateo, Anharmonic oscillators, the thermodynamic Bethe ansatz, and nonlinear
integral equations, J. Phys. A32 (1999), L419–L425.
[DT2] P. Dorey and R. Tateo, On the relation between Stokes multipliers and the T–Q systems of conformal
field theory, Nucl. Phys. B563 (1999), 573–602.
[Dr] V. Drinfel’d, A new realization of Yangians and of quantum affine algebras, Soviet Math. Dokl. 36
(1988), 212–216.
[DS] V. Drinfeld and V. Sokolov, Lie algebras and KdV type equations, J. Sov. Math. 30 (1985), 1975–2036.
[EY] T. Eguchi and S.-K. Yang, Deformations of conformal field theories and soliton equations, Phys.
Lett. 224B (1989), 373–378.
[FF1] B. Feigin and E. Frenkel, Representations of affine Kac–Moody algebras, bosonization and resolutions,
Lett. Math. Phys. 19 (1990), 307–317.
[FF2] B. Feigin and E. Frenkel, Quantization of the Drinfeld–Sokolov reduction, Phys. Lett. B246 (1990),
75–81.
[FF3] B. Feigin and E. Frenkel, Affine Kac–Moody algebras at the critical level and Gelfand-Dikii algebras,
in Infinite Analysis, eds. A. Tsuchiya, T. Eguchi, M. Jimbo, Adv. Ser. in Math. Phys. 16, 197–215,
Singapore: World Scientific, 1992.
[FF4] B. Feigin and E. Frenkel, Integrals of motion and quantum groups, in Proceedings of the C.I.M.E.
School Integrable Systems and Quantum Groups, Italy, June 1993, Lect. Notes in Math. 1620,
Springer, 1995 (hep-th/9310022).
[FF5] B. Feigin and E. Frenkel, Quantization of soliton systems and Langlands duality (with B. Feigin),
accepted in Exploration of New Structures and Natural Constructions in Mathematical Physics, pp.
185-274, Adv. Stud. Pure Math. 61, Math. Soc. Japan, Tokyo, 2011 (arXiv:0705.2486).
[FFR] B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and critical level, Comm.
Math. Phys. 166 (1994), 27–62.
[FFS] B. Feigin, E. Frenkel and F. Smirnov, unpublished.
[FFT] B. Feigin, E. Frenkel and V. Toledano Laredo, Gaudin models with irregular singularities, Advances
in Math. 223 (2010), 873–948.
[FJMM] B. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Finite type modules and Bethe Ansatz for quantum
toroidal gl(1), Commun. Math. Phys. 356 (2017), 285–327.
[F1] E. Frenkel, Affine algebras, Langlands duality and Bethe Ansatz, in Proceedings of the International
Congress of Mathematical Physics, Paris, 1994, ed. D. Iagolnitzer, pp. 606–642, International Press,
1995; arXiv: q-alg/9506003.
[F2] E. Frenkel, Langlands Correspondence for Loop Groups, Cambridge Studies in AdvancedMathematics
103, Cambridge University Press, 2007.
[FB] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, Mathematical Surveys and Mono-
graphs 88, Second Edition, AMS, 2004.
[FG] E. Frenkel and B. Gross, A rigid irregular connection on the projective line, Annals of Math 170
(2009), 1469-1512.
[FH] E. Frenkel and D. Hernandez, Baxter’s Relations and Spectra of Quantum Integrable Models, Duke
Math. J. 164 (2015), 2407–2460.
SPECTRA OF QUANTUM KDV HAMILTONIANS, LANGLANDS DUALITY, AND AFFINE OPERS 53
[FM] E. Frenkel and E. Mukhin, Combinatorics of q-characters of finite-dimensional representations of
quantum affine algebras, Comm. Math. Phys. 216 (2001), 23–57.
[FR] E. Frenkel and N. Reshetikhin, The q-characters of representations of quantum affine algebras and
deformations ofW -Algebras, in Recent Developments in Quantum Affine Algebras and related topics,
Contemp. Math. 248 (1999), 163–205 (arXiv:math/9810055).
[FZ] E. Frenkel and X. Zhu, Gerbal Representations of Double Loop Groups, Int. Math. Res. Notices 2012
(17), 3929–4013 (arXiv:0810.1487).
[H1] D. Hernandez, The Kirillov-Reshetikhin conjecture and solutions of T-systems, J. Reine Angew.
Math. 596 (2006), 63–87.
[H2] D. Hernandez, Smallness problem for quantum affine algebras and quiver varieties, Ann. Scient. E´c.
Norm. Sup. 41 (2008), 271–306.
[H3] D. Hernandez, On minimal affinizations of representations of quantum groups, Comm. Math. Phys.
277 (2007), 221–259.
[H4] D. Hernandez, Kirillov-Reshetikhin conjecture: the general case, Int. Math. Res. Not. 2010, 149–193.
[HJ] D. Hernandez and M. Jimbo, Asymptotic representations and Drinfeld rational fractions, Compos.
Math. 148 (2012), 1593–1623.
[HL1] D. Hernandez and B. Leclerc, Cluster algebras and quantum affine algebras, Duke Math. J. 154
(2010), 265–341.
[HL2] D. Hernandez and B. Leclerc, Cluster algebras and category O for representations of Borel subalgebras
of quantum affine algebras, Algebra and Number Theory 10 (2016), 2015–2052.
[IIKNS] R. Inoue, O. Iyama, A. Kuniba, T. Nakanishi and J. Suzuki, Periodicities of T-systems and Y-
systems, Nagoya Math. J. 197 (2010), 59–174.
[Ka] V. Kac, Infinite Dimensional Lie Algebras, 3rd ed., Cambridge University Press, Cambridge, 1990.
[Ko] T. Kojima, The Baxter’s Q operator for the W algebra WN , J. Phys. A 41 (2008), 355206.
[KS1] A. Kuniba and J. Suzuki, Analytic Bethe Ansatz for Fundamental Representations of Yangians,
Comm. Math. Phys. 173 (1995), 225—264.
[KS2] A. Kuniba and J. Suzuki, Functional relations and analytic Bethe ansatz for twisted quantum affine
algebras, J. Phys. A 28 (1995), 711–722.
[KM] B.A. Kuperschmidt and P. Mathieu, Quantum KdV like equations and perturbed conformal field
theories, Phys. Lett. B227 (1989), 245–250.
[L] B. Leclerc, Quantum loop algebras, quiver varieties, and cluster algebras, in Representations of Al-
gebras and Related Topics, (A. Skowron´ski and K. Yamagata, eds.), European Math. Soc. Series of
Congress Reports, 2011, 117–152.
[MRV1] D. Masoero, A. Raimondo and D. Valeri, Bethe Ansatz and the Spectral Theory of affine Lie algebra-
valued connections. The simply-laced case, Commun. Math. Phys. 344 (2016), 719–750.
[MRV2] D. Masoero, A. Raimondo and D. Valeri, Bethe Ansatz and the Spectral Theory of affine Lie algebra-
valued connections. The non simply-laced case, Commun. Math. Phys. 349 (2017), 1063–1105.
[NPS] N. Nekrasov, V. Pestun and S. Shatashvili, Quantum geometry and quiver gauge theories, Commun.
Math. Phys. 357 (2018), 357–519.
[RS1] A. Reyman and M. Semenov-Tian-Shansky, Algebras of flows and nonlinear partial differential equa-
tions, Soviet Math. Dokl. 21 (1980), 630–634.
[RS2] A. Reyman and M. Semenov-Tian-Shansky, Integrable Systems (group-theoretical approach), Moscow-
Izhevsk, RCD Publishing House, Institute of Computer Studies 2003 (in Russian).
[RSF] A. Reyman, M. Semenov-Tian-Shansky and I. Frenkel, Graded Lie algebras and completely integrable
dynamical systems, Soviet Math. Dokl. 20 (1979), 811–814.
[R1] N. Reshetikhin, A Method Of Functional Equations In The Theory Of Exactly Solvable Quantum
Systems, Lett. Math. Phys. 7 (1983), 205–213.
[R2] N. Reshetikhin, Integrable Models of Quantum One-dimensional Magnets With O(N) and Sp(2k)
Symmetry, Theor. Math. Phys. 63 (1985), 555–569.
[R3] N. Reshetikhin, The spectrum of the transfer matrices connected with Kac–Moody algebras, Lett.
Math. Phys. 14 (1987), 235–246.
54 EDWARD FRENKEL AND DAVID HERNANDEZ
[S] J. Sun, Polynomial Relations for q-Characters via the ODE/IM Correspondence, SIGMA 8 (2012),
028.
[Z] A. Zamolodchikov, Integrable field theory from conformal field theory, Adv. Stud. in Pure Math. 19
(1989), 641–674.
Department of Mathematics, University of California, Berkeley, CA 94720, USA
Sorbonne Paris Cite´, Univ Paris Diderot, CNRS Institut de Mathe´matiques de Jussieu-Paris
Rive Gauche UMR 7586, Baˆtiment Sophie Germain, Case 7012, 75205 Paris Cedex 13, France.
